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Backpropagation (BP)

Now we know how to compute gradients, let us see how to perform gradient-based learning (e.g., SGD)

Algorithm 1 SGD

1: Input: step T, learning Rate 7, initial W©°, batch size B
2: Fort=1,---,T

3:  Get mini-batch data (X', Y?)

& LWL XLYY) = 530 (W X)), Y

5 Wt = Wwt-1 _ n@L(Wt_l,Xt,Yt)

6

: oW
. Return W7




Backpropagation (BP)

Now we know how to compute gradients, let us see how to perform gradient-based learning (e.g., SGD)

Algorithm 1 SGD

1
2
3
4:
5
6

: Fort=1,---.T

Wt — Wt—l o naL(

Get mini-batch data (X', Y?)
LWt Xty =L 58 o
Wt_l,Xt,Yt)

FOVT, X[

. Return W7

ow

. Input: step T, learning Rate n, initial W?, batch size B

 Y*i)

Forward pass



Backpropagation (BP)

Now we know how to compute gradients, let us see how to perform gradient-based learning (e.g., SGD)

Algorithm 1 SGD

1: Input: step T, learning Rate 7, initial W©°, batch size B

2: Fort=1,---,T
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Backpropagation (BP)

SGD has trouble navigating ravines, 1.e. areas where the surface curves much more steeply in one dimension than in another [1, 2].
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BP + Momentum

SGD has trouble navigating ravines, 1.e. areas where the surface curves much more steeply in one dimension than in another [1, 2].

[3]: Gradient descent is a man walking down a hill. He follows the steepest path downwards; his progress is slow, but steady.
Momentum is a heavy ball rolling down the same hill. The added inertia acts both as a smoother and an accelerator, dampening
oscillations and causing us to barrel through narrow valleys, small humps and local minima.
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SGD has trouble navigating ravines, 1.e. areas where the surface curves much more steeply in one dimension than in another [1, 2].

[3]: Gradient descent is a man walking down a hill. He follows the steepest path downwards; his progress is slow, but steady.
Momentum is a heavy ball rolling down the same hill. The added inertia acts both as a smoother and an accelerator, dampening
oscillations and causing us to barrel through narrow valleys, small humps and local minima.

Algorithm 1 SGD with Momentum

1: Input: step T, learning Rate n, initial W', batch size B, momentum §,
initial M°
Fort=1,---,T

Get mini-batch data (X, Y?)
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BP + Momentum

SGD has trouble navigating ravines, 1.e. areas where the surface curves much more steeply in one dimension than in another [1, 2].

[3]: Gradient descent is a man walking down a hill. He follows the steepest path downwards; his progress is slow, but steady.
Momentum is a heavy ball rolling down the same hill. The added inertia acts both as a smoother and an accelerator, dampening
oscillations and causing us to barrel through narrow valleys, small humps and local minima.

Algorithm 1 SGD with Momentum

1: Input: step T, learning Rate n, initial W', batch size B, momentum §,
initial M°
Fort=1,---,T
Get mini-batch data (X, Y?)
LWL XYY = 5557 (W X)), Y]
Mt = M1 4 OL(W*' ' X' Y")
Wt — Wt—l o th ow
Return W7’

OL(W'=1, Xt YY)
oW

Mt :BMt—l _|_77

Alternative form (so-called Nesterov momentum) in
the literature, see, e.g., [4]
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BP + Momentum

Image Credit: [1]
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BP + Momentum

SGD has trouble navigating ravines, 1.e. areas where the surface curves much more steeply in one dimension than in another [1, 2].

[3]: Gradient descent is a man walking down a hill. He follows the steepest path downwards; his progress is slow, but steady.
Momentum is a heavy ball rolling down the same hill. The added inertia acts both as a smoother and an accelerator, dampening
oscillations and causing us to barrel through narrow valleys, small humps and local minima.

Algorithm 1 SGD with Momentum

1: Input: step T, learning Rate n, initial W', batch size B, momentum §,

initial M°

2: Fort=1,---.,T

3:  Get mini-batch data (X', V")
_ B _ : .

4 LWL XYY = 5 302 LW XU il), Y[
5. Mt =AM+ OLW* X', YY)
6
7

: Wt =wit-1 — ?7Mt oW
. Return W71

Demo: https://distill.pub/2017/momentum/
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BP + Adaptive Learning Rate

OL(W'1, Xt YY)

Denoting ¢* = 5

, recall in GD/SGD, we have the following update rule:

Wt _ Wt—l o ngt

How can we tune the learning rate?



BP + Adaptive Learning Rate

OL(W'1, Xt YY)
oW

Denoting ¢* = , recall in GD/SGD, we have the following update rule:

Wt _ Wt—l o ngt

How can we tune the learning rate?

AdaGrad (Adaptive Gradient) [5] proposes to assign larger learning rates to infrequently updated weights and smaller ones to
frequently updated weights:

t
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T=1

Wt =w* — ndiag (el + Gt)_1/2 qg*
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BP + Adaptive Learning Rate

OL(Wt1, Xt Yt
oW

Denoting ¢* = , recall in GD/SGD, we have the following update rule:

Wt _ Wt—l o ,,,]gt

How can we tune the learning rate?

AdaGrad (Adaptive Gradient) [5] proposes to assign larger learning rates to infrequently updated weights and smaller ones to
frequently updated weights:

In practice, we only need to compute

t
T
Gt = Z gT gT diagonal terms gt O gt
T=1

Wt =W — ndiag (eI +GY) 2 ¢

Let us look at the element-wise update rule of AdaGrad:

W) = Wl = — ez
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BP + Adaptive Learning Rate

AdaGrad (Adaptive Gradient) [5] proposes to assign larger learning rates to infrequently updated weights and smaller ones to
frequently updated weights: .
Gt _ Z g’T gTT
T=1

Wt =W — ndiag (el + Gt)_1/2 q'

Since we accumulate (squared) gradients from the beginning, our learning rate is always decaying and could vanish before we
converge.
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frequently updated weights: .
Gt _ Z g’T gTT
T=1

Wt =W — ndiag (el + Gt)_1/2 q'

Since we accumulate (squared) gradients from the beginning, our learning rate is always decaying and could vanish before we
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BP + Adaptive Learning Rate

AdaGrad (Adaptive Gradient) [5] proposes to assign larger learning rates to infrequently updated weights and smaller ones to
frequently updated weights: .
Gt _ Z g’T g’TT
T=1

Wt =W — ndiag (el + Gt)_1/2 q'

Since we accumulate (squared) gradients from the beginning, our learning rate is always decaying and could vanish before we
converge. To deal with this, RMSProp [6] proposes to use exponential moving average (EMA) of past squared gradients:

_ T
G'=pG'" 4+ (1-p)g'y’

Wt =W —pdiag (eI + G gt

Adadelta [7] leverages the same EMA trick (denominator) and additional weighting (numerator) based on parameter updates.



Comparison Again

Image Credit: [1]
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mage Credit: [1]



BP + Adaptive Learning Rate + Momentum (Adam)

Now that we can tune the learning rate adaptively, how can we incorporate momentum?



BP + Adaptive Learning Rate + Momentum (Adam)

Now that we can tune the learning rate adaptively, how can we incorporate momentum?

Based on RMSProp, Adam (Adaptive Momentum) [8] proposes to keep another EMA of past gradients:

§'=pBg" "+ (1= B)g’

Gl =BG+ (1 - By)glgt

Wt =Wt — p,diag (e + GY)? ¢

V1B

Ne =1
1—
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BP + Adaptive Learning Rate + Momentum (Adam)

Now that we can tune the learning rate adaptively, how can we incorporate momentum?

Based on RMSProp, Adam (Adaptive Momentum) [8] proposes to keep another EMA of past gradients:

3" =61+ (1= By’
_ T In practice, we only need to compute
G' =BG+ (1 - ﬁzﬁgtgt

diagonal terms gt ©O) gt
Wt =Wt — p,diag (e + GY)? ¢

V1B

Ne =1
1—
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BP + Adaptive Learning Rate + Momentum (Adam)

Now that we can tune the learning rate adaptively, how can we incorporate momentum?

Based on RMSProp, Adam (Adaptive Momentum) [8] proposes to keep another EMA of past gradients:

3" =61+ (1= By’
_ T In practice, we only need to compute
G' =BG 4+ (1 - Bzﬁgtgt

diagonal terms gt ©O) gt
Wt =Wt — p,diag (e + GY)? ¢

V1[5
t

Ne = 1—]

These are powers of scalars (abuse of superscript)
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BP + Adaptive Learning Rate + Momentum (Adam)

Now that we can tune the learning rate adaptively, how can we incorporate momentum?
Based on RMSProp, Adam (Adaptive Momentum) [8] proposes to keep another EMA of past gradients:
§'=Bg " + (1= B1)g'
Gt = BG4 (1- 52)gtgt—r
W =W — pdiag (eI + G2 gt

V1B

e =M~ ¢
1 - B

When 3; = 0, Adam is almost the same as RMSProp besides the correction term (red box)
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Now that we can tune the learning rate adaptively, how can we incorporate momentum?

Based on RMSProp, Adam (Adaptive Momentum) [8] proposes to keep another EMA of past gradients:

~1 Q ~t—1 | /4 2\t
d — M1Y LG ML)y

_ T
G' =BG+ (1~ B2)g'y'
Wt =Wt — p,diag (e + GY)? ¢

V1B

e =M~ 2t
1 - B

When 3; = 0, Adam is almost the same as RMSProp besides the correction term (red box):

_ T
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BP + Adaptive Learning Rate + Momentum (Adam)

Now that we can tune the learning rate adaptively, how can we incorporate momentum?
Based on RMSProp, Adam (Adaptive Momentum) [8] proposes to keep another EMA of past gradients:
§' =63+ (1= By’
Gt = BG4 + (1 - B2)g'y t T
Wt =W — pdiag (e + G172 g

\/1—[32

e =
Where does this bias-correction term (red box) come from?

E[§']=E[5:5 '+ (1 —-81)g"| =E[B (517" >+ (1 —=B1)g" ") + (1 — B1)g"]
—E[ﬂ G2+ (1= B)g + (1= Br)g ‘

ZB (1—pB1)g" + B813°




BP + Adaptive Learning Rate + Momentum (Adam)

Now that we can tune the learning rate adaptively, how can we incorporate momentum?

Based on RMSProp, Adam (Adaptive Momentum) [8] proposes to keep another EMA of past gradients:

§'=p/g" "+ (1 - B
G' =BG+ (1= B2)g'y
Wt =Wt — p,diag (e + GY)? ¢

\/1—[32

Ui
t = 1- G

t ¢t

Where does this bias-correction term (red box) come from?

E[§'] =E[5i7" "+ (1 —=81)g" ] =E[B1 (517" 2+ (1= B1)g" ") + (1 = B1)g']
—E[»Bz 2Bl —B1)g T+ (1= B

ZB (1—01)g

We ignore this term due to the exponential decay (or
zero initialization) and assume gradients at every step
has the same mean (i.e., stationary)!
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Now that we can tune the learning rate adaptively, how can we incorporate momentum?

Based on RMSProp, Adam (Adaptive Momentum) [8] proposes to keep another EMA of past gradients:

' ="+ (1 - B’
Gl :BzGt—l ( 52) t ¢!
Wt =Wt — p,diag (e + GY)? ¢

\/1—[32

Ui
t = 1- G

Where does this bias-correction term (red box) come from?

E[§'] =E[5i7" "+ (1 —=81)g" ] =E[B1 (517" 2+ (1= B1)g" ") + (1 = B1)g']
—E[ﬁ g+ Bl =B+ (1= B1)g’]

Z B — Bu)g" H BLg" | | |
We ignore this term due to the exponential decay (or

t zero initialization) and assume gradients at every step
~ Z ‘(1-B1)E [¢'] has the same mean (i.e., stationary)!

[
AP
OM'

> (1-B1E[¢'] = (1 - B1E [¢']
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BP + Adaptive Learning Rate + Momentum (Adam)

Now that we can tune the learning rate adaptively, how can we incorporate momentum?
Based on RMSProp, Adam (Adaptive Momentum) [8] proposes to keep another EMA of past gradients:
§' =63+ (1= By’
Gt = BG4 (1- 52)gtgt—r
W =W — pdiag (eI + G2 gt

V1B

e =M~ ¢
1 - B

Where does this bias-correction term (red box) come from?

Similar reasoning applies to GG*. We have E[G'] ~ (1 - B5E [G'] E [gt] ~ (1-BHE [gz]



BP + Adaptive Learning Rate + Momentum (Adam)

Now that we can tune the learning rate adaptively, how can we incorporate momentum?

Based on RMSProp, Adam (Adaptive Momentum) [8] proposes to keep another EMA of past gradients:
§' =63+ (1= By’
Gt = BG4 (1- 52)gtgtT

wt=wt1! —@diag (el + Gt)_1/2 g denoted as AW?
_ =B
Tt 1— g

Where does this bias-correction term (red box) come from?

Similar reasoning applies to GG*. We have E [Gt} ~ (1 - BHE [G’} E [gt]

Q

(1-BHE [¢']

Check the update (blue box) element-wise:
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BP + Adaptive Learning Rate + Momentum (Adam)

Now that we can tune the learning rate adaptively, how can we incorporate momentum?

Based on RMSProp, Adam (Adaptive Momentum) [8] proposes to keep another EMA of past gradients:
§' =63+ (1= By’
Gt = BG4 (1- 52)gtgtT

wt=wt1! —@diag (eI + Gt)_1/2 g denoted as AW?
el
Tt 1- G

Where does this bias-correction term (red box) come from?

Similar reasoning applies to GG*. We have E[G'] ~ (1 - B5E [G'] E [gt] ~ (1-BHE [g’]
Check the update (blue box) element-wise: E[AW[j]] = E 1 1] . 1 1]
JI| = Up =g Jl| =Nt —9 J
Ve+ G, ] G'[j, J]
E 5] 3
= M g1 H : Independent assumption of G* and '
E [ G* [J,Jﬂ
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BP + Adaptive Learning Rate + Momentum (Adam)

Now that we can tune the learning rate adaptively, how can we incorporate momentum?

Based on RMSProp, Adam (Adaptive Momentum) [8] proposes to keep another EMA of past gradients:
§' =63+ (1= By’
Gt = BG4 (1- 52)gtgtT

wt=wt1! —@diag (eI + Gt)_1/2 g denoted as AW?
el
Tt 1- G

Where does this bias-correction term (red box) come from?

Similar reasoning applies to GG*. We have E[G'] ~ (1 - B5E [G'] E [gt] ~ (1-BHE [g’]
Check the update (blue box) element-wise: B [AWt []H k|, 1 g m] ~ i E 1 i []]]
Ve+ G, j] G'[j, j]
=Mt Elg [JH : Independent assumption of G* and '
E [ G* []7]]}
(1-B)E [g'[]] E [g'[j]]

Jensen’s inequality

<M > — = 1] ——
V1 - BL/EI[G), 4] E [G'[j, j]] .



BP + Adaptive Learning Rate + Momentum (Adam)

In summary, Adam is shown in below

Algorithm 1 Adam

1: Input: step T, initial learning Rate n, initial W9, batch size B, 8; = 0.9,
Bo =0.999, e =10"8 m® =0, v =0

2:. Fort=1,---,T

Get mini-batch data (X', Y?)

LW X4 YY) = 5300 (W XA D), Y1)
+  OL(W' L Xt Y?h)

g = oW

mt = fym!~t + (1 — B1)g*

vt = Bov' T+ (1= B2)(g" @ g')

S: Wt — Wt—l V 1_ﬁ§ m

—TTTBT Vutre
9: Return W71




BP + Adaptive Learning Rate + Momentum (Adam)

In summary, Adam is shown in below

Algorithm 1 Adam

1: Input: step T, initial learning Rate n, initial W9, batch size B, 8; = 0.9,
Bo =0.999, e =10"8 m® =0, v =0

2:. Fort=1,---,T

Get mini-batch data (X', Y?)

L(Wt_la Xtv Yt) — % Zile E(f(Wt_la Xt[i])v Yt[@])
+  OL(W' L Xt Y?h)

g = oW

mt = Bym!~t + (1 — B1)g"

vt = Bov' T+ (1= B2)(g" @ g')

S: Wt — Wt—l V 1_55 m

—TTTBT Vutre
9: Return W71

Adam [8] has been cited by 135,000+ times since its publication in 2015! It is by far the most popular optimizer in deep learning!
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Weight Decay

Suppose we observe overfitting and want to regularize the complexity of our neural networks to reduce it. We can penalize the weights
so that they are not far from 0, thus restricting the set of models we are considering.



Weight Decay

Suppose we observe overfitting and want to regularize the complexity of our neural networks to reduce it. We can penalize the weights
so that they are not far from 0, thus restricting the set of models we are considering.

LW, X,Y) = 5 3 (W, X (i), Y1i)

~

A
LW, X,Y) = L(W, X, Y) + [ Vec(W)];

We can control the lambda to trade-off model complexity and overfitting.
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For methods like SGD, SGD + Momentum, we directly add this term to the gradient and then perform gradient update



Weight Decay

Suppose we observe overfitting and want to regularize the complexity of our neural networks to reduce it. We can penalize the weights
so that they are not far from 0, thus restricting the set of models we are considering.

LW, X,Y) = 5 3 (W, X (i), Y1i)

~

A
LW, X,Y) = L(W, X, Y) + [ Vec(W)];

We can control the lambda to trade-off model complexity and overfitting.

0L  OL
oW oW

It only adds a term to the existing gradient:

+ AW

For methods like SGD, SGD + Momentum, we directly add this term to the gradient and then perform gradient update

But for Adam, we have two possibilities: 1) add it to the gradient and then perform gradient update; 2) add it to the gradient update

This ordering change makes a difference in practice and 2) is called AdamW [9]!



AdamW

Let us look at Adam again:

Algorithm 1 Adam
: Input: step T, initial learning Rate 7, initial W, batch size B, 81 = 0.9,
Ba =0.999, e =10"8 m" =0, v’ =0
2: FOI't:]_,... ,T

s t vt
3 Get mini-batch data (X éY ) We can it here by replacing the rex box with:
4 LWL XN YY) = 5500 (WL X)), Y ])
- t—1 yt yt
‘. [gt _ 8L(Wta‘}/Xt,Yt)] gt = OL(W am,/X Y Lot
6 m” = pym - + (1 — 51)gt
7 vt = Bzvt_l + (1 - 52)(9t © gt) But then weight decay also goes through EMA!

, ¢t owrt—1 V1B ot
g W'=W N3 Vuite
9: Return W71
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AdamW

We can add it in the final gradient update:

Algorithm 1 AdamW

1: Input: step T, initial learning Rate n, initial W9, batch size B, 8; = 0.9,
By =0.999, € = 1078, m? = 0, v° = 0, weight decay A

2: Fort=1,---,T

Get mini-batch data (X*,Y?)

L(Wt_lv Xtv Yt) — % Zile E(f(Wt_17 Xt[i])v Yt[z])

¢t OL(W' 1 X' Y?

g' = o7

m! = fym! ' 4+ (1 — B1)g"

vl =BT 4+ (1= B2) (9" © g°)

_ t _ yrt—1 \1-B5 ot 1—1 This change works significantly better
8. Wr=W T\ "T=87 Vuite + AW )} in some cases [9]!

9: Return W71
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Early Stopping

We do not necessarily need to run the optimization until the maximum number of iterations or until its convergence.

Algorithm 1 AdamW

1: Input: step T, initial learning Rate n, initial W9, batch size B, 8; = 0.9,
By =0.999, € = 1078, m? = 0, v° = 0, weight decay A

2: Fort=1,---,T

Get mini-batch data (X*,Y?)

LW, X0 YY) = £ 570, e(f (W=, X)), Vi)

t_ OL(W' 1 X* YY)

g' = o7

m! = Bm'~t + (1 - B1)g"

vt = Bov' T+ (1= B2)(g" @ g')

g Wt=wi"t_p ( ‘11_;? \/%16 + AWt—l)

9: Return W71

Image Credit: [10]



Early Stopping

We do not necessarily need to run the optimization until the maximum number of iterations or until its convergence.

Error

A

Early
Termination

Validation Error

Training Error

» Iraining Steps

We can check the validation error and if it is keep increasing within a time window, then we stop the training!

If you worry that it will go down again, run until the maximum number of iterations and pick the model with the least validation error.

Image Credit: [10]

50



References

[1] https://www.ruder.io/optimizing-gradient-descent/

[2] Sutton, R. S. (1986). Two problems with backpropagation and other steepest-descent learning procedures for networks. In Proc. of
Eightth Annual Conference of the Cognitive Science Society (pp. 823-831).

[3] https://distill.pub/2017/momentum/

[4] Sutskever, 1., Martens, J., Dahl, G., & Hinton, G. (2013, May). On the importance of initialization and momentum in deep learning.
In International conference on machine learning (pp. 1139-1147). PMLR.

[5] Duchi, J., Hazan, E., & Singer, Y. (2011). Adaptive subgradient methods for online learning and stochastic optimization. Journal of
machine learning research, 12(7).

[6] Tieleman, T. and Hinton, G. (2012). Lecture 6.5 - RMSProp, COURSERA: Neural Networks for Machine Learning. Technical
report.

[7] Zeiler, M. D. (2012). Adadelta: an adaptive learning rate method. arXiv preprint arXiv:1212.5701.

[8] Kingma, D. P., & Ba, J. (2014). Adam: A method for stochastic optimization. arXiv preprint arXiv:1412.6980.

[9] Loshchilov, 1., & Hutter, F. (2017). Fixing weight decay regularization in adam.

[10] https://medium.com/analytics-vidhya/early-stopping-with-pytorch-to-restrain-your-model-from-overfitting-dce6de4081c5

51


https://www.ruder.io/optimizing-gradient-descent/
https://distill.pub/2017/momentum/
https://medium.com/analytics-vidhya/early-stopping-with-pytorch-to-restrain-your-model-from-overfitting-dce6de4081c5

Questions?



