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Reinforcement Learning (RL)
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RL is about learning to make decisions from interaction!
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Reinforcement Learning (RL)

RL is about learning to make decisions from interaction!
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God’s move: AlphaGo
thought this move happens
with 0.007% probability in
human players!

This may be the last time a
human go player beats Al!
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RL is about learning to make decisions from interaction!
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RL is about learning to make decisions from interaction!

After 3 Episodes After 12 Episodes After 36 Episodes
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Reinforcement Learning (RL)

RL is about learning to make decisions from interaction!
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Reinforcement Learning (RL)

For developing the conceptual and algorithmic
foundations of reinforcement learning.

ANDREW BARTO &
RICHARD SUTTON
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RL Formulation

The Interaction Loop

observation - « Agent: an intelligent program or a real robot
o > A * Environment: the (simulated/real) “world” where the agent
. : interacts

* Reward: a scalar feedback signal that defines the goal

reward Rt
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RL Formulation

The Interaction Loop

observation - « Agent: an intelligent program or a real robot
o > A * Environment: the (simulated/real) “world” where the agent
. : interacts

* Reward: a scalar feedback signal that defines the goal

At each time step t:
reward R,

» Agent receives observation O, and reward R,, and then
executes action A;

« Environment receives action A; and emits observation
O+, and reward R, ,
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RL Formulation

The agent’s job is to maximize cumulative reward G,:

observation action Gi =Rip1 +Riyp + Rpy3 + -

reward Rt

Image Credit: [9]
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RL Formulation

N The agent’s job is to maximize cumulative reward G,:

observation

>

. _ i -»;;"i: action Gt = Riyq + Reypy + Rpyqg + -+
~
f : '<;l.'f. - A
— t

G The reward hypothesis [11]:

All of what we mean by goals and purposes can be well thought of as
maximization of the expected value of the cumulative sum of a
received scalar signal (reward).

reward Rt
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RL Formulation

observation

[9]
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The agent’s job is to maximize cumulative reward G,:
Gt = Rey1 + Reyz + Rpys +

The reward hypothesis [11]:

All of what we mean by goals and purposes can be well thought of as
maximization of the expected value of the cumulative sum of a
received scalar signal (reward).

RL differs from supervised/unsupervised learning:

« Supervision is scarce, e.g., reward is often a scalar

« Supervision is often sparse, e.g., an agent gets the reward after a
sequence of actions

« Sequential data is often non-iid, e.g., an agent’s current decision
would affect the future data distribution
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RL Formulation

What are the key components of the agent?

observation action

>

Ot At

reward Rt
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RL Formulation
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What are the key components of the agent?

Agent contains: Agent State, Policy, Value(?), and Model(?).
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RL Formulation

What are the key components of the agent?

- action Agent contains: Agent State, Policy, Value(?), and Model(?).
L : / ‘l//f/

observation

>

O * The environment’s (internal) state, is usually invisible (fully

observable vs. partially observable) to the agent. Even if it is
visible, it may contain lots of irrelevant information.

reward Rt
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RL Formulation

What are the key components of the agent?

observation action Agent contains: Agent State, Policy, Value(?), and Model(?).

>

Oy Ay

* The environment’s (internal) state, is usually invisible (fully
observable vs. partially observable) to the agent. Even if it is
visible, it may contain lots of irrelevant information.

* The history is the full sequence of observations, actions, and
reward | R, rewards up to time t:

Hy = 01,A1, Ry, ., 041, At 1, Rt 1,01, Ry

Image Credit:

[9]
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RL Formulation

observation M S £V = A action
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What are the key components of the agent?

Agent contains: Agent State, Policy, Value(?), and Model(?).

* The environment’s (internal) state, is usually invisible (fully
observable vs. partially observable) to the agent. Even if it is

visible, it may contain lots of irrelevant information.

* The history is the full sequence of observations, actions, and
rewards up to time t:

Hy = 01,A1, Ry, ., 041, At 1, Rt 1,01, Ry

« The agent state is the agent’s internal information/representation
used to determine the next action. It is a function of the history

S¢ = f(Hp).
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RL Formulation

What are the key components of the agent?

observation

Agent contains: Agent State, Policy, Value(?), and Model(?).

* Apolicy is a map from agent state to action that defines the agent’s
behavior

reward Rt
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RL Formulation

observation
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>

Image Credit: [9]
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What are the key components of the agent?

Agent contains: Agent State, Policy, Value(?), and Model(?).

A policy is a map from agent state to action that defines the agent’s
behavior

It could be deterministic or stochastic. We can conveniently denote
it as a probability distribution (a|s).
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RL Formulation

What are the key components of the agent?

Agent contains: Agent State, Policy, Value(?), and Model(?).

observation

>

Oy » Avalue function is a prediction of future reward

reward Rt
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RL Formulation

o S What are the key components of the agent?
observation 4 (< . s 0 A action Agent contains: Agent State, Policy, Value(?), and Model(?).
f’; ™ . \ X .___‘_:f_.»/.
O i RS o @ o A « Avalue function is a prediction of future reward
. ~%

« It isused to evaluate the goodness of states (y € [0,1] is a
discounting factor):

reward R, Vp(S) = Ex[Res1 + YReqs2 + V2Reys + - |S; = 5]
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RL Formulation

observation > A action

B Y4

Oy Ay

reward Rt

Image Credit:

[9]

What are the key components of the agent?
Agent contains: Agent State, Policy, Value(?), and Model(?).

» A model predicts what the environment will do next, e.g.,
R predicts the next immediate reward

R(s,a) = E [Re41|St = 5,4 = a]
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RL Formulation

What are the key components of the agent?

2 X Y ¥ V5 Ty
47 ) 9 % \ . .
observation /' < . s 0/ DA action Agent contains: Agent State, Policy, Value(?), and Model(?).
A A Sl ()}
> i\ Y s 7
"l l‘ 3\ 3 N O —— J - ‘;l: § 4 - - -
G N 7= At « Amodel predicts what the environment will do next, e.g.,
M P g ‘\,‘\:_ ~ ) - - -
1 » - R predicts the next immediate reward

R(s,a) = E [Re41|St = 5,4 = a]

A model does not immediately give us a good policy - we would
still need to plan

reward Rt
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RL Formulation

What are the key components of the agent?

observation action Agent contains: Agent State, Policy, Value(?), and Model(?).

>

Oy Ay

» A model predicts what the environment will do next, e.g.,
R predicts the next immediate reward

R(s,a) = E [Re41|St = 5,4 = a]

reward | R, « A model does not immediately give us a good policy - we would
still need to plan

* We could also use stochastic (generative) models

Image Credit:
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RL Formulation

What are the key components of the agent?

Agent contains: Agent State, Policy, Value(?), and Model(?).

observation

>

G Agent Taxonomy:

reward Rt

Value Function

Value-Based

Image Credit: [9]



Learning and Planning

Two fundamental problems in sequential decision making:
1. Reinforcement Learning:

« The environment is initially unknown
« The agent interacts with the environment

* The agent improves its policy



Learning and Planning

Two fundamental problems in sequential decision making:
1. Reinforcement Learning:

« The environment is initially unknown
« The agent interacts with the environment

* The agent improves its policy

2. Planning:
* A model of the environment is known
* The agent performs computations with its model (without any external interaction)
* The agent improves its policy

« a.k.a. deliberation, reasoning, introspection, pondering, thought, search



RL Taxonomy
REINFORCEMENT LEARNING

Model-based RL Model-free RL
Markov Decision Process  P(s’, s, a) Gradient Free
Off Policy
Policy Iteration 7Ty (S, a) Ac!:cfr TD(0)
Value Iteration V( S) Critic
DON  O(s,a) TD(0) = MC
Dy . . TD-A
namic programming _
& Bellman optimality Q Learning Sl
Nonlinear Dynamics Gradient Based
Deep Deep
X = SO0, u@), ndr | | e policy | | 6" = 6°* + aVy Rz
Network
Optimal Control & HJB Policy Gradient Optimization
s Deep RL
,é%‘g ‘\‘.;g eep

Image Credit: [10]



RL Taxonomy

Category

Model-Free
RL

Model-Based
RL

Subcategory

Value-Based

Policy-Based

Actor-Critic

Explicit Model

Learning

Planning Methods

Examples

Q-Learning, SARSA, DQN, TD-Learning

REINFORCE, PPO, TRPO, SAC

A2C, A3C, DDPG, TD3

Dyna-Q, AlphaZero, World Models

Monte Carlo Tree Search (MCTS), Model-
Predictive Control (MPC)

DoesltLearna
Model?

X No

X No

X No

Yes

Yes

34
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Markov Decision Process

Almost all RL problems can be formalized as Markov decision processes (MDPs).



Markov Decision Process

Almost all RL problems can be formalized as Markov decision processes (MDPs).
A Markov decision process (MDP) is a tuple (S, A, P, R, ~)

« S isafinite set of states
A is a finite set of actions
P is a state transition probability matrix P2, = P(Si41 = §'|S; = 5, A; = a)

R is a reward function RY =E[Rys1|S; = s, A = a
v € [0,1] is a discount factor



Markov Decision Process

Almost all RL problems can be formalized as Markov decision processes (MDPs).

A Markov decision process (MDP) is a tuple <S, ,A, 73, R, 7} Markov Property: The future is
independent of the past given the present!
« S isa finite set of states
A is a finite set of actions
P is a state transition probability matrix P2, = P(Si41 = §'|S; = 5, A; = a)
R is a reward function R? =E[Ri41]S: = 5, 4, = q
v € [0,1] is a discount factor
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Markov Decision Process

Almost all RL problems can be formalized as Markov decision processes (MDPs).

A Markov decision process (MDP) is a tuple <S, ,A, 73, R, 7} Markov Property: The future is
independent of the past given the present!
« S isa finite set of states
A is a finite set of actions
P is a state transition probability matrix P2, = P(Si41 = §'|S; = 5, A; = a)
R is a reward function R? =E[Ri41]S: = 5, 4, = q
v € [0,1] is a discount factor

MDP describes an environment where all states are Markov and can be extended to:

« countably infinite states and or action spaces
 continuous state and or action spaces

 continuous time (requires partial differentiable equations)
 partially observable (POMDPs)
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Return: the total discounted reward from time t -
Gt = Rip1 +YRiypo + -+ = Z’YkRH—k—H
k=0



Markov Decision Process

Return: the total discounted reward from time t Why discount? Mathematically

B B k convenient, avoid infinite returns,
Gi = Rep1 + 72 + 00 = Z Y Rtk uncertainty about the future......
k=0
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Markov Decision Process

Return: the total discounted reward from time t o Why discount? Mathematically
_ B k convenient, avoid infinite returns,
Ge =Rt + YR+ = Z 7 Btk uncertainty about the future......
k=0

Policy: the distribution over actions given states
m(als) = P(A; = a|S; = s)
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Markov Decision Process

Return: the total discounted reward from time t -
Gt =Rip1 +yRiyo2 + - = Z'Yth—Hﬂ-l—l
k=0

Policy: the distribution over actions given states
m(als) = P(A; = a|S; = s)

Why discount? Mathematically
convenient, avoid infinite returns,
uncertainty about the future......

We assume stationary policies

43



Markov Decision Process

Return: the total discounted reward from time t o Why discount? Mathematically
B B K convenient, avoid infinite returns,
Gi = Rep1 + 72 + 00 = Z Y Rtk uncertainty about the future......
k=0
Policy: the distribution over actions given states
m(als) = P(A; = a|S; = s) We assume stationary policies

Value (a.k.a., State-Value) function: the expected return starting from state s and then following policy 7
Vi(s) = E; [G¢|S; = s]
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Markov Decision Process

Return: the total discounted reward from time t o Why discount? Mathematically
B B K convenient, avoid infinite returns,
Gi = Rep1 + 72 + 00 = Z Y Rtk uncertainty about the future......
k=0
Policy: the distribution over actions given states
m(als) = P(A; = a|S; = s) We assume stationary policies

Value (a.k.a., State-Value) function: the expected return starting from state s and then following policy 7
Vi(s) = E; [G¢|S; = s]

Optimal value function Vi(s) = max E; [G¢|S; = s]
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Markov Decision Process

Return: the total discounted reward from time t o Why discount? Mathematically
B B k convenient, avoid infinite returns,
Gi = Rep1 + 72 + 00 = Z Y Rtk uncertainty about the future......
k=0
Policy: the distribution over actions given states
m(als) = P(A; = a|S; = s) We assume stationary policies

Value (a.k.a., State-Value) function: the expected return starting from state s and then following policy 7
Vi(s) = E; [G¢|S; = s]

Optimal value function Vi(s) = max E; [G¢|S; = s]
v
Q (a.k.a. Action-Value) function: the expected return starting from state s, taking an action a, and then

following policy 7
Qr(s,a) =E;[G:|S; = s, Ay = a
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Markov Decision Process

Return: the total discounted reward from time t o Why discount? Mathematically
B B L convenient, avoid infinite returns,
Gi = Rep1 + 72 + 00 = Z Y Rtk uncertainty about the future......
k=0

Policy: the distribution over actions given states

m(als) = P(A; = a|S; = s) We assume stationary policies

Value (a.k.a., State-Value) function: the expected return starting from state s and then following policy 7
Vi(s) = E; [G¢|S; = s]

Optimal value function Vi(s) = max E; [G¢|S; = s]
Q (a.k.a. Action-Value) function: the expected return starting from state s, taking an action a, and then
following policy 7

Qr(s,a) =E;[G:|S; = s, Ay = a

Optimal Q function Q«(s,a) = maxE, [G¢|S; = s, A; = d]
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Markov Decision Process

Return: the total discounted reward from time t o Why discount? Mathematically
B B K convenient, avoid infinite returns,
Gi = Rep1 + 72 + 00 = Z Y Rtk uncertainty about the future......
k=0
Policy: the distribution over actions given states
m(als) = P(A; = a|S; = s) We assume stationary policies

Value (a.k.a., State-Value) function: the expected return starting from state s and then following policy 7
Vi(s) = E; [G¢|S; = s]

Optimal value function Vi(s) = max E; [G¢|S; = s]
Q (a.k.a. Action-Value) function: the expected return starting from state s, taking an action a, and then
following policy 7
Qr(s,a) =E;[G:|S; = s, Ay = a
Optimal Q function Q«(s,a) = maxE, [G¢|S; = s, A; = d]

What is the relationship between the value function and Q function?
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Markov Decision Process

Return: the total discounted reward from time t o Why discount? Mathematically
B B K convenient, avoid infinite returns,
Gi = Rep1 + 72 + 00 = Z Y Rtk uncertainty about the future......
k=0
Policy: the distribution over actions given states
m(als) = P(A; = a|S; = s) We assume stationary policies

Value (a.k.a., State-Value) function: the expected return starting from state s and then following policy 7
Vi(s) = E; [G¢|S; = s]

Optimal value function Vi(s) = max E; [G¢|S; = s]
Q (a.k.a. Action-Value) function: the expected return starting from state s, taking an action a, and then
following policy 7
Qr(s,a) =E;[G:|S; = s, Ay = a
Optimal Q function Q«(s,a) = maxE, [G¢|S; = s, A; = d]

What is the relationship between the value function and Q function? Vi(s) = Z Qr(s,a)m(als)
a

49



Optimal Policy

Optimal value function Vi(s) = max E, [G¢|S; = s]
Optimal Q function Q.(s,a) = max E, [G¢|S; = s, Ay = a]

One can define a partial ordering over policies 7 > 7 <= V. (s) > Vi (s),Vs

Theorem (Optimal Policies)

For any Markov decision process

» There exists an optimal policy m* that is better than or equal to all other policies,
7t >,V

(There can be more than one such optimal policy.)
» All optimal policies achieve the optimal value function, v™ (s) = v*(s)

» All optimal policies achieve the optimal action-value function, q* (s, a) = q*(s, a)

Image Credit: [12]



Optimal Policy

Optimal value function Vi(s) = max E, [G¢|S; = s]
Optimal Q function Q.(s,a) = max E, [G¢|S; = s, Ay = a]
If we know Q. (s, a), an optimal policy can be found:

1 a=a.(s) =argmax Q.(s,a)
T (als) = a
0 otherwise



Optimal Policy

Optimal value function Vi(s) = max E, [G¢|S; = s]
Optimal Q function Q.(s,a) = max E, [G¢|S; = s, Ay = a]
If we know Q. (s, a), an optimal policy can be found:

1 a=a.(s) =argmax Q.(s,a)
e (als) = “

. Why?
0 otherwise y



Optimal Policy

Optimal value function Vi(s) = max E, [G¢|S; = s]
Optimal Q function Q.(s,a) = max E, [G¢|S; = s, Ay = a]
If we know Q. (s, a), an optimal policy can be found:

1 a=a.(s) =argmax Q.(s,a)

T (als) = a

0 otherwise

Because Vi ( Z Q- (s,a)m(als) isa convex combination of @~(s,a) , we have

Vi(s) < Qr(s,ax),  ax =argmax Q.(s,a)

a

and the equality holds only if the policy is optimal.

Why?



Optimal Policy

Optimal value function Vi(s) = max E, [G¢|S; = s]
Optimal Q function Q.(s,a) = max E, [G¢|S; = s, Ay = a]
If we know Q. (s, a), an optimal policy can be found:

1 a=a.(s) =argmax Q.(s,a)
T (als) = @
0 otherwise
« There is always a deterministic optimal policy for any MDP.

« There can be multiple actions that maximize Q. (s, a), we can just pick any of these.
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Bellman Equations

Many RL algorithms are based on Bellman Equations, which are recursive formulas and have two main
variations: Bellman Expectation Equations and Bellman Optimality Equations.



Bellman Expectation Equations

For Q-function, we have:
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Bellman Expectation Equations

For Q-function, we have:
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Bellman Expectation Equations

For Q-function, we have:
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Bellman Expectation Equations

For Q-function, we have:

o
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k=0

Qﬂ-<8,a) = EW [Gt‘St = S,At = CL] = Eﬂ-

00
Rt_|_1 + Z’}/th+k+1‘St = S,At =aQa
k=1

=E,

(o @]

k—1
Z’Y Rt+k+1|St =54 =a
k=1

=E, [Rey1|S: = 5, A = a] +7E,

= E[Rt+1|5t = S,At = CL] +
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Bellman Expectation Equations

For Q-function, we have:

O
Z’Yth+k+1|St =s5,A=a
k=0

Qﬂ-<8,a) = EW [Gt‘St = S,At = CL] = Eﬂ-

00
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=E[Riy1|S: =5, Ay = a] + R =E[Ri41]S; = 5, A = a]

gl > (Z ’Yk_lRt+k+1> P(Ses1, Avgr, Reya, -+ |[Se = s, Ay = a)
k=1

St+1,Ae41,Req1,



Bellman Expectation Equations

For Q-function, we have:

Qw(S,a) =K, [Gt‘St =5, A = Cl] =K, Z’Yth+k+1|St =54, =a

k=0

=E; |Rey1 + Z’YkRHkH\St =54 =a

k=1

(o @]

k—1
Z’Y Rt+k+1|St =54 =a
k=1

=E, [Rey1|S: = 5, A = a] +7E,

=E[Riy1|S: =5, Ay = a] + R =E[Ri41]S; = 5, A = a]

gl > (Z ’Yk_lRt+k+1) P(Ses1, Avgr, Reya, -+ |[Se = s, Ay = a)
k=1

St+1,Ae41,Req1,

=R:+7 Z (Z 7k13t+k+1> P(Sp+2, Arr2, Reya, o [See1 = 8, Apyr = d)
k=1
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P(At-l—l = CL/’SH_l = S/)P(SH_l = S/‘St = S, At = CL)



Bellman Expectation Equations

For Q-function, we have:

O
Z’Yth+k+1|St =s5,A=a
k=0

Qﬂ-<8,a) = EW [Gt‘St = S,At = CL] = Eﬂ-

00
Rt_|_1 + nykRH'k—i_llSt = S,At =aQa
k=1

=E,

(o @]

k—1
Z’Y Rt+k+1|St =54 =a
k=1

=E, [Rey1|S: = 5, A = a] +7E,

= E[Rt+1|5t = S,At = CL] +

gl > (Z ’Yk_lRt+k+1) P(Ses1, Avgr, Reya, -+ |[Se = s, Ay = a)
k=1

St+1,Ae41,Req1,

=R:+7 2. (Z 7k13t+k+1> P(St+2, Arr2, Reva, o [Sev1 = 8", Ay = d
k=1

Stq1,Ai41,Req1,

P(At-l—l = CL/’SH_l = S/)P(SH_l = S/‘St = S, At = CL)

)

Rg =E [Rt—i—l‘st == S,At == a]
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Bellman Expectation Equations

For Q-function, we have:
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Bellman Expectation Equations

For Q-function, we have:
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Bellman Expectation Equations

For Q-function, we have:

Qr(s,a) =E, [G4|S; = 5, Ay = q 27 Riips1|Si = 5,4, =a
k=0
=E; |Rey1 + Z’Yth+k+1|5t =54 =a
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Bellman Expectation Equations

Similarly, for value function, we have:
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Bellman Expectation Equations

In summary, we conclude the Bellman Expectation Equations as follows.

Given an MDP (S, A, P, R, ) , for any policy 7T, the value function and the Q function obey the
following expectation equations:

4 )
Ve(s) =) _mlals) |Re+7 ) Vals')PL

Qr(s,0) = RS+ D m(a|s)PLQn(s', )
\_ - /

Note that R%=E[R,.1|S; =5, A; = d]
m(als) =P(A; = alS; = s)
Pl =P(Si11 =S =s,A; = a)



Bellman Optimality Equations

Recall the optimal value function is Vi (s) = max E, [G¢|S; = s]
Recall the optimal Q function is Q«(s,a) = maxE; [G¢|S; = s, Ay = a]

a

Recall the optimal policy is {1 a = a4(s) = argmax Q.(s,a)

0 otherwise



Bellman Optimality Equations

Recall the optimal value function is Vi (s) = max E, [G¢|S; = s]

Recall the optimal Q function is Q«(s,a) = maxE; [G¢|S; = s, Ay = a]

a

Recall the optimal policy is (als) 1 a=a.(s) =argmax Q.(s,a)
als) =
0 otherwise

Similar to the expectation case, we can solve a recursive formula for the optimality case:

Q+«(s,a) = maxQ,(s,a) = max R + v Z m(a'|s"YPL,Qr(s',a")
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=R +7 ) P maxQ. (s, a)



Bellman Optimality Equations

Recall the optimal value function is Vi (s) = max E, [G¢|S; = s]

Recall the optimal Q function is Q«(s,a) = maxE; [G¢|S; = s, Ay = a]

a

Recall the optimal policy is 1 a=a.(s) =argmax Q.(s,a)
T« (als) =
0 otherwise

Similar to the expectation case, we can solve a recursive formula for the optimality case:
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Bellman Optimality Equations

Recall the optimal value function is Vi (s) = max E, [G¢|S; = s]

Recall the optimal Q function is Q«(s,a) = maxE; [G¢|S; = s, Ay = a]

a
0 otherwise

Recall the optimal policy is (als) {1 a = ax(s) = argmax Q.(s,a)
als) =

Similar to the expectation case, we can solve a recursive formula for the optimality case:

Vi(s) = maXV maXZw als)

RG+VZV

= Zm(a|s

— Ra*(s) _|_/VZV ss (3)
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Bellman Optimality Equations

In summary, we conclude the Bellman Optimality Equations as follows.

Given an MDP (S, A, P, R, ) , for any policy 7T, the optimal value function and the optimal Q function
obey the following expectation equations:

4 )
Vi(s) = max | RS + v Z V. (s P2,

S

Q+(s,a) =RE+7) Pl maxQ.(s',a’)

N\ J

Note that R%=E[R,.1|S; =5, A; = d]
m(als) =P(A; = alS; = s)
Pl =P(Si11 =S =s,A; = a)
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Solve Problems in RL via Bellman Equations

Two important problems in RL:

» Prediction (a.k.a., policy evaluation): given a policy, evaluate the future, e.g., what is my expected
return under that policy?

» Control: optimize the future, e.g., estimating optimal value or Q functions, to find the best policy.



Solve Problems in RL via Bellman Equations

Two important problems in RL:

« Prediction (a.k.a., policy evaluation): given a policy, evaluate the future, e.g., what is my expected
return under that policy?

Use Bellman Expectation Equations to solve!

» Control: optimize the future, e.g., estimating optimal value or Q functions, to find the best policy.

Use Bellman Optimality Equations to solve!
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Solve Problems in RL via Bellman Equations

Prediction (a.k.a., policy evaluation): given a policy, evaluate the future, e.g., what is my expected return
under that policy?

From Bellman Expectation Equations, we know:

Ve(s) = D _mlals) |Re+7 ) Vals')PL



Solve Problems in RL via Bellman Equations

Prediction (a.k.a., policy evaluation): given a policy, evaluate the future, e.g., what is my expected return
under that policy?

From Bellman Expectation Equations, we know:
Va(s) = wlals) [RE+7D  Va(s)PL

We can use fixed-point iteration:

Algorithm 1 Policy Evaluation Algorithm

1: Input: Initialize value function V4 (e.g., to 0)

2: Repeat

3. For all state s, update Viy1(s) = > 7(als) [R% + 7> . Vi(s")P2]
4: Until Vii1(s) = Vi(s) for all s

5: Return Final value function V.




Solve Problems in RL via Bellman Equations

Prediction (a.k.a., policy evaluation): given a policy, evaluate the future, e.g., what is my expected return
under that policy?

From Bellman Expectation Equations, we know:
Va(s) = wlals) [RE+7D  Va(s)PL

We can use fixed-point iteration:

Algorithm 1 Policy Evaluation Algorithm

1: Input: Initialize value function V4 (e.g., to 0)

2: Repeat

3. For all state s, update Viy1(s) = > 7(als) [R% + 7> . Vi(s")P2]
4: Until Vi41(s) = Vi(s) for all s

5: Return Final value function V.

Under mild conditions (e.g., v < 1), this algorithm converges!



Solve Problems in RL via Bellman Equations

Control: optimize the future, e.g., estimating optimal value or Q functions, to find the best policy.

Since we have already known how to evaluate a policy, we just need to improve it!



Solve Problems in RL via Bellman Equations

Control: optimize the future, e.g., estimating optimal value or Q functions, to find the best policy.
Since we have already known how to evaluate a policy, we just need to improve it!

How to improve the policy? Greedy strategy!

Algorithm 2 Policy Iteration Algorithm

1: Input: Initialize value function V4 (e.g., to 0) and policy g
2: Repeat

3:  Evaluate the policy m

4

For all state s, m;41(als) = argmax @, (s, a)
a

ot

: Until m41(s) = mi(s) for all s
6: Return Final policy .,




Solve Problems in RL via Bellman Equations

Control: optimize the future, e.g., estimating optimal value or Q functions, to find the best policy.
Since we have already known how to evaluate a policy, we just need to improve it!

How to improve the policy? Greedy strategy!

Algorithm 2 Policy Iteration Algorithm

1: Input: Initialize value function V4 (e.g., to 0) and policy g
2: Repeat

3:  Evaluate the policy m

4

For all state s, m;41(als) = argmax @, (s, a)
a

ot

: Until m41(s) = mi(s) for all s
6: Return Final policy .,

One can show that the greedy strategy ensures: Vs, Vr, ., (8) > Vi, (5)!



Solve Problems in RL via Bellman Equations

Control: optimize the future, e.g., estimating optimal value or Q functions, to find the best policy.

Since we have already known how to evaluate a policy, we just need to improve it!

evaluation
m
JU
starting v* V
V n i n—>greedy(V)
improvement
= ®
e
[
Policy evaluation Estimate v; .
Iterative policy evaluation .
Policy improx_/em.ent Generate @’ > 7 % _—
Greedy policy improvement T V
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Solve Problems in RL via Bellman Equations

Control: optimize the future, e.g., estimating optimal value or Q functions, to find the best policy.

We could also leverage the Bellman Optimality Equations!

Algorithm 3 Value Iteration Algorithm

1: Input: Initialize value function Vg (e.g., to 0)

2: Repeat

3. For all state s, update V. (s) = max, [R? +7v> . Vi(s")PL/]
4: Until Vi1(s) = Vi(s) for all s

5: Return Final value function Vi




Solve Problems in RL via Bellman Equations

Control: optimize the future, e.g., estimating optimal value or Q functions, to find the best policy.

We could also leverage the Bellman Optimality Equations!

Algorithm 3 Value Iteration Algorithm

1: Input: Initialize value function Vg (e.g., to 0)

2: Repeat

3. For all state s, update V. (s) = max, [R? +7v> . Vi(s")PL/]
4: Until Vi1(s) = Vi(s) for all s

5: Return Final value function V,

This is equivalent to policy iteration with 1-step of policy evaluation!



Solve Problems in RL via Bellman Equations

Control: optimize the future, e.g., estimating optimal value or Q functions, to find the best policy.

We could also leverage the Bellman Optimality Equations!

Algorithm 3 Value Iteration Algorithm

1: Input: Initialize value function Vg (e.g., to 0)

2: Repeat

3. For all state s, update V. (s) = max, [R? +7v> . Vi(s")PL/]
4: Until Vi1(s) = Vi(s) for all s

5: Return Final value function V,

This is equivalent to policy iteration with 1-step of policy evaluation!



Solve Problems in RL via Bellman Equations

Problem Bellman Equation Algorithm

lterative

Prediction | Bellman Expectation Equation : .
Policy Evaluation

Bellman Expectation Equation

| .
Contro + (Greedy) Policy Improvement

Policy lteration

Control Bellman Optimality Equation Value lteration

Observations:

» Algorithms are based on state-value function v, (s) or v*(s) = complexity
O(|.A||S|?) per iteration, for | A| actions and |S| states

» Could also apply to action-value function q,(s, a) or g*(s, a) = complexity
O(|.A|%|S|?) per iteration

Image Credit: [12]
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