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Backpropagation (BP)

Now we know how to compute gradients, let us see how to perform gradient-based learning (e.g., SGD)

Algorithm 1 SGD

1: Input: step T, learning Rate 7, initial W°, batch size B
2: Fort=1,---,T

3:  Get mini-batch data (X*,Y?)

4 LWL XL YY) = LS8 p(f(wit X)), V)

5)
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Wt =Wt — 77E)L(vvt—l,x’f,yt)
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. Return W7
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Backpropagation (BP)

SGD has trouble navigating ravines, i.e. areas where the surface curves much more steeply in one dimension than in another [1, 2].
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BP + Momentum

SGD has trouble navigating ravines, i.e. areas where the surface curves much more steeply in one dimension than in another [1, 2].

[3]: Gradient descent is a man walking down a hill. He follows the steepest path downwards; his progress is slow, but steady.
Momentum is a heavy ball rolling down the same hill. The added inertia acts both as a smoother and an accelerator, dampening
oscillations and causing us to barrel through narrow valleys, small humps and local minima.
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SGD has trouble navigating ravines, i.e. areas where the surface curves much more steeply in one dimension than in another [1, 2].

[3]: Gradient descent is a man walking down a hill. He follows the steepest path downwards; his progress is slow, but steady.
Momentum is a heavy ball rolling down the same hill. The added inertia acts both as a smoother and an accelerator, dampening
oscillations and causing us to barrel through narrow valleys, small humps and local minima.

Algorithm 1 SGD with Momentum

1: Input: step T, learning Rate 7, initial W9, batch size B, momentum J,
initial M°

2. Fort=1,---.,T

3:  Get mini-batch data (X', Y?)
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BP + Momentum

Image Credit: [1]
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BP + Momentum
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BP + Momentum

SGD has trouble navigating ravines, i.e. areas where the surface curves much more steeply in one dimension than in another [1, 2].

[3]: Gradient descent is a man walking down a hill. He follows the steepest path downwards; his progress is slow, but steady.
Momentum is a heavy ball rolling down the same hill. The added inertia acts both as a smoother and an accelerator, dampening
oscillations and causing us to barrel through narrow valleys, small humps and local minima.

Algorithm 1 SGD with Momentum

1: Input: step T, learning Rate 7, initial W9, batch size B, momentum J,
initial M°

2. Fort=1,---.,T
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Demo: https://distill.pub/2017/momentum/
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BP + Adaptive Learning Rate
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Wt — Wt—l . ngt

How can we tune the learning rate?
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BT , recall in GD/SGD, we have the following update rule:

Denoting ¢° =

Wt — Wt—l . ngt

How can we tune the learning rate?

AdaGrad (Adaptive Gradient) [5] proposes to assign larger learning rates to infrequently updated weights and smaller ones to
frequently updated weights:

In practice, we only need to compute

t
-
Gt = Z g g’ diagonal terms oY’
T=1

Wt =W — ndiag (I + G2 ¢!

Let us look at the element-wise update rule of AdaGrad:

n tr

Wl = W) = — el
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BP + Adaptive Learning Rate

AdaGrad (Adaptive Gradient) [5] proposes to assign larger learning rates to infrequently updated weights and smaller ones to
frequently updated weights: .
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Since we accumulate (squared) gradients from the beginning, our learning rate 1s always decaying and could vanish before we
converge.
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BP + Adaptive Learning Rate

AdaGrad (Adaptive Gradient) [5] proposes to assign larger learning rates to infrequently updated weights and smaller ones to
frequently updated weights: .
Gt = Z gT gT T
T=1

Wt =W —ndiag (el + G') 2 ¢!

Since we accumulate (squared) gradients from the beginning, our learning rate 1s always decaying and could vanish before we
converge. To deal with this, RMSProp [6] proposes to use exponential moving average (EMA) of past squared gradients:

_ T
G'=pG" + (1= p)g'g’

Wt =wt"1t —ndiag (eI + Gt)_1/2 q*

Adadelta [7] leverages the same EMA trick (denominator) and additional weighting (numerator) based on parameter updates.
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BP + Adaptive Learning Rate + Momentum (Adam)

Now that we can tune the learning rate adaptively, how can we incorporate momentum?
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BP + Adaptive Learning Rate + Momentum (Adam)

Now that we can tune the learning rate adaptively, how can we incorporate momentum?

Based on RMSProp, Adam (adaptive moment estimation) [8] proposes to keep another EMA of past gradients:

§' =03+ (1 - B)g"
Gt =BGt + (1 — 5269t9tT: In practice, we only neetd to compute

diagonal terms gt ©®©g
Wt =w'"! —ndiag (el + G”t)_l/2 gt

N =1 L5
VAN i
13

These are powers of scalars (abuse of superscript)
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BP + Adaptive Learning Rate + Momentum (Adam)

Now that we can tune the learning rate adaptively, how can we incorporate momentum?

Based on RMSProp, Adam (adaptive moment estimation) [8] proposes to keep another EMA of past gradients:
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When 81 = 0, Adam is almost the same as RMSProp besides the correction term (red box)
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Now that we can tune the learning rate adaptively, how can we incorporate momentum?

Based on RMSProp, Adam (adaptive moment estimation) [8] proposes to keep another EMA of past gradients:

= (13" + (1 - B1)g
G' =BG+ (1 Bo)g'gt
Wt =w'"! —ndiag (el + G”t)_l/2 gt
V11— 38

e =1
1 -
Where does this bias-correction term (red box) come from?
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BP + Adaptive Learning Rate + Momentum (Adam)

Now that we can tune the learning rate adaptively, how can we incorporate momentum?

Based on RMSProp, Adam (adaptive moment estimation) [8] proposes to keep another EMA of past gradients:

Wt

Ur;

= oG 4+ (1 - B2)g'y
= W' — mpdiag (eI + G”t)_l/2 gt

=1

=g+ (- B1)g"

t t1

V1-5
1— i

Where does this bias-correction term (red box) come from?

E[§] =E[pg"" +

+(1-p)¢'] =E
—E[ﬁ G+ B(1—Br)g !+

25 (1—P1)g

1 (81" 2+ (1= B1)g" )

+ (1= 519’

+ (1= B1)g']

We ignore this term due to the zero initialization and
assume gradients at each time step are stationary!
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BP + Adaptive Learning Rate + Momentum (Adam)

Now that we can tune the learning rate adaptively, how can we incorporate momentum?

Based on RMSProp, Adam (adaptive moment estimation) [8] proposes to keep another EMA of past gradients:

= /g 4+ (1= B)g’
=BG+ (1= Ba)g's"
Wt =W — pdiag (e + G*) 2§
V1- 5%
1 -
Where does this bias-correction term (red box) come from?
E[g'] =E[Big" ' +(1—51)g" | =E B (517" >+ (1= B1)g" ")+ (1 - B1)g']
=E [ 2+ (1 - B1)g" "+ (1= B1)g]

25 (1—P1)g

i 01— o]
2

e =T

We ignore this term due to the zero initialization and
assume gradients at each time step are stationary!

Q

) (1-B1E[g"] = (1 - BHE [¢']
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Now that we can tune the learning rate adaptively, how can we incorporate momentum?
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Now that we can tune the learning rate adaptively, how can we incorporate momentum?

Based on RMSProp, Adam (adaptive moment estimation) [8] proposes to keep another EMA of past gradients:

' =0+ (1= B)g

Gt = BG4 (1- 52)gtgtT
Wt =Wt _|n,diag (e + G~ ? 5 denoted as ATW?
Ny = "771 — 5
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Check the update (blue box) element-wise:
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BP + Adaptive Learning Rate + Momentum (Adam)

Now that we can tune the learning rate adaptively, how can we incorporate momentum?

Based on RMSProp, Adam (adaptive moment estimation) [8] proposes to keep another EMA of past gradients:

' =0+ (1= B)g

G' =BG+ (1- Ba)g'y"
Wt =Wt _|n,diag (e + G~ ? 5 denoted as ATW?
VI
T
Where does this bias-correction term (red box) come from?
Similar reasoning applies to G*. We have E [Gt [j,j]] ~ (1 - BLE [(gZ []])2} E [gt} ~ (1— ﬁf)]E [gz}
Check the update (blue box) element-wise: EAW ] = E |m, §t[4] _ ] . gt []] | ] ianore epsilon
Ve+ Gl gl G[j, J]
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BP + Adaptive Learning Rate + Momentum (Adam)

Now that we can tune the learning rate adaptively, how can we incorporate momentum?

Based on RMSProp, Adam (adaptive moment estimation) [8] proposes to keep another EMA of past gradients:

=g+ (- B1)g"

G' = 3G + (1= Ba)g'g"
Wt =Wt _|n,diag (e + G~ ? 5 denoted as ATW?
v
t =1 1— 5l
Where does this bias-correction term (red box) come from?
Similar reasoning applies to (G*. We have E [G'j,7]] = (1 — B5)E [ 2 i'l ~ (1 - BHE [gz}

Check the update (blue box) element-wise:

Y
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E[AW'[j]] =E|n

] 3'lj] ]
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Independence assumption
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BP + Adaptive Learning Rate + Momentum (Adam)

Now that we can tune the learning rate adaptively, how can we incorporate momentum?

Based on RMSProp, Adam (adaptive moment estimation) [8] proposes to keep another EMA of past gradients:

' =0+ (1= B)g

Gt = BG4 (1- 52)gtgtT
Wt =w'1 |n,diag (e[ + G”t)_l/2 g denoted as AW?
YA
Where does this bias-correction term (red box) come from?
Similar reasoning applies to G*. We have E [G'j,7]] = (1 — B5)E [(gZ []])2} E [gt} ~ (1 - BHE [gz}
Check the update (blue box) element-wise: ~t1,: ~t7,;
. 9'1J] 9°1y]
E[AW'[j]] = E|n, — | Al | ————
Ve+ G, gl G'[j, 4]
Second moment concentrated | £ t[ 7
away from zero ~tr - - g1
~ nElg"[j]] E — | |~ —
G'[j, j] VEIG*]j, j]]

39



BP + Adaptive Learning Rate + Momentum (Adam)

Now that we can tune the learning rate adaptively, how can we incorporate momentum?

Based on RMSProp, Adam (adaptive moment estimation) [8] proposes to keep another EMA of past gradients:

' = 613"+ (11— B1)g"

=BG + (1 - Bo)g'g"
Wt =Wt _|n,diag (e + G~ ? 5 denoted as ATW?
V1B
Nt =1 t
1 —p4
Where does this bias-correction term (red box) come from?
Similar reasoning applies to G*. We have [E [Gt [j,j]] ~ (1 - BLE {(gZ []])2J] [E [gt} ~ (1— ﬁf) [ }]
Check the update (blue box) element-wise: ~t1,: ~t7,;
BAW]) = E | —2 0| ~ g | L1
Ve+ G, gl G'j, 4]
Substitute the moment estimates —tr
< Bl G E| |~
G']j, 4] VE[G]j.J]

[ (1—pB1)E[g H] J
"1 B VEl
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BP + Adaptive Learning Rate + Momentum (Adam)

Now that we can tune the learning rate adaptively, how can we incorporate momentum?
Based on RMSProp, Adam (adaptive moment estimation) [8] proposes to keep another EMA of past gradients:
' = /gt + (1= Br)g’
=BG+ (1= Ba)g's"

Wt =wt1 —|ndiag (e[ + G”t)_l/2 gt denoted as AW?
V1B
Where does this bias-correction term (red box) come from?
Similar reasoning applies to G*. We have E [Gt [j,j]] ~ (1 - BLE [(gZ []])2} E [gt} ~ (1— ﬁf)]E [gz}
Check the update (blue box) element-wise: ~t1,: ~t7,;
- g\ g1
BAW ] = B | ——L0 | ~ | — L
Ve+Gj,jl G'j, 4]
Choose the correction factor . 1 N E[ §t [ ]H
: ~ nE[g ]| E R =
[m = 771_—52J G*j,J] VE[G!]j, 5]
T i
LA (- BDELg'lS H E[g w
YT BVEGUD  VELG
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BP + Adaptive Learning Rate + Momentum (Adam)

In summary, Adam is shown in below

Algorithm 1 Adam
1: Input: step T, initial learning Rate 7, initial W9, batch size B, 31 = 0.9,
By =0.999, e =108 m =0, =0
2: Fort=1,---.,T
Get mini-batch data (X, Y?)
LWL XYt = L5070 e(f(WEL, X)), YEi))
¢t _ OL(W' 1 X'yt
g = oW
m! = Bim'~t + (1 — B1)g"
vt = Bov'™ + (1= Ba) (g ©g")
8- Wt — Wt—l V 1_63 m®

— 1-B1 Vutite
9: Return W71




BP + Adaptive Learning Rate + Momentum (Adam)

In summary, Adam is shown in below

Algorithm 1 Adam
1: Input: step T, initial learning Rate 7, initial W, batch size B, 8; = 0.9,
By =0.999, e =10"% m? =0, 0" =0
2: Fort=1,---.,T
Get mini-batch data (Xt Y?)
LW X0 YY) = 2507 (W X)), YU)
¢t _ OL(W' 1 X'yt
g = oW
m' = fim'~ 4+ (1 — 51)g"
vt = Bov'™ + (1= Ba) (g ©g")
. t __ t—1 __ .V 1_63 m®
g Wi =W NT=BT Vorie
9: Return W7

Adam [8] combines first- and second-moment estimates of the gradient.
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Learning Rate Schedules

Adaptive updates still use a global learning rate.

Warmup: increase the step size gradually at the
start [12].

Cosine decay: take progressively smaller steps
later [11].

Choose the warmup length and the total training
budget.
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[lustrative schedule: 10% warmup and a final rate equal to 10% of the peak. No restarts shown.
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Weight Decay

Suppose we observe overfitting and want to regularize the complexity of our neural networks to reduce it. We can penalize the weights
so that they are not far from 0, thus restricting the set of models we are considering.
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Weight Decay

Suppose we observe overfitting and want to regularize the complexity of our neural networks to reduce it. We can penalize the weights
so that they are not far from 0, thus restricting the set of models we are considering.

LW, X,Y) = 2 3" (W, X[, Y [)

~

A
LW, X,Y) = L(W,X,Y) + |[Vec(W)];

We can control the lambda to trade-off model complexity and overfitting.

oL  OL

aw ~aw T

It only adds a term to the existing gradient:

For methods like SGD, SGD + Momentum, we directly add this term to the gradient and then perform gradient update

With Adam: 1) include the penalty in both moment estimates; 2) shrink the weights separately.

Option 2 keeps weight decay out of the moment estimates; this is AdamW [9].



AdamW

Let us look at Adam again:

Algorithm 1 Adam
1: Input: step T, initial learning Rate 7, initial W, batch size B, 8; = 0.9,
By =0.999, e =10"% m? =0, 0" =0
2: Fort=1,---.,T

. . t t
3 (et mini-batch data (X éY ) We can add it to the gradient in the red box:
4 LV XE YY) = 3 30, d(f (W X)), Y7 La))
o t—1 yt vt OL Wt_17Xt7Yt
. [gt‘: L(W‘8WX Yt g = ( - ) ot
6: my — ﬁlmb_l _l_ (1 — /Bl)gt
7 vt = 52'Ut_1 + (1 - 52)(975 © gt) But then weight decay also goes through EMA!

. t __ t—1 __ .V 1_63 m®
8 Wr'=W NT=BT Vorie
9: Return W71
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AdamW

We can add it in the final gradient update:

Algorithm 1 AdamW

1: Input: step T, initial learning Rate 7, initial W9, batch size B, 31 = 0.9,
Bo =0.999, e =108, m® =0, v = 0, weight decay )

2: Fort=1,---.,T

Get mini-batch data (X* Y?)

LW XL YY) = 5 500 (W X)), Y4

¢t OL(W' ' X' Y")

g t_ oW

mt = fym!~1 4+ (1 — B1)g"

vl =BT+ (1= B2)(g" © g')

3. Wt = Wit _ " VI1-85 ot AWt This change works significantly better
' 1-B1 Vutte in some cases [9]!

9: Return W71
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AdamW: Decoupled Weight Decay

The difference is where the regularization enters [9].

. OL(W* L, Xt YY)

g p—
Adam + L» penalty
rt =gt + AW
m' = pmt~t + (1 = By)rt
o' = B0 4 (1= o) (r © 1)

mt

Wt:Wt_l—T]
t\/ﬁ—l—e

t
At m

m

:—t’
1 - 1

AdamW

m' = Bm'~t 4+ (1 - B1)g"
o' =B+ (1 - B2)(g" © ¢)

mt

\/ﬁ—l—e

Wh=Q—-nANW—n,

’Ut

- 1-p

The penalty changes both moment estimates. AdamW shrinks the weights separately.
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Muon: Matrix Updates

Muon uses the matrix structure of a layer’s update [13].

Here, Muon applies only to hidden linear-layer weight matrices.

OL(W'=1 Xt Yt

t—1 t t dout Xdin t __
W 7gam ER e 9 g - 8W

mt — Bmt—l 4 (1 . ﬁ)gt7 mO — 0

Momentum: W?!' = W't —pn m!

Muon: W' =W"'""! -5, Orth(m?")

These matrices map input to output features, giving meaningful singular directions.

What does it mean to orthogonalize a momentum matrix?

Here gt denotes the matrix gradient. Adam rescales individual entries; Muon transforms the whole matrix.



Muon: Singular Value Decomposition

Separate a matrix’s directions from its stretching.
mt =USV ', ¥ = diag(oq,...,04)

Read the product from right to left:

V' . input coordinates
Y. : stretch each direction

U : output directions

q = min(douta din); U e Rdoqu, Ve R%nx4q
Animation: Lucas Vieira (2010), public domain [14].
For the next example, assume the matrix has full rank.



Muon: A Small Matrix Example

Replace unequal singular values by a common scale [ 13].

2 1 3 0
t __ _
m_L 2]’ E_lo 1] 3 ’

O
=

= 2
1 {1 1 =
o-vsl X ~
1 —1 ¥

V2 2
N

0 1 Direction 1 Direction 2

B Momentum ™ Orthogonalized

Wt — Wt—l o ntQt

Orthogonalization acts on the update matrix, not on the weights.
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Muon: Motivation for Orthogonalization

Balance the update across its singular directions [13, 16].

A few strong modes can dominate the update. A

1.00 1.00 1.00

single scale keeps this imbalance.

=
-

mt mt

Omax (m?) 3

Singular value
S
N

Compare updates with the same largest singular

S
o

value: one. Direction 1 Direction 2

M Scaled momentum M Orthogonalized

Useful weak modes can contribute more. Noisy modes may also gain importance.

Orthogonalization preserves the singular-vector pairs. The weights themselves need not be orthogonal. 57



Muon: Efficient Orthogonalization

Use matrix products instead of a full SVD at every step [13, 16].

Classical cubic Newton—Schulz iteration:

1.00 . . —
mt O — /l
Xo = (m® #0) = .
”thF S 0.75 //
8 0.50 .
T g"ozs —
Xi+1 = =X — (XX, ) Xk a
0.00

0 1 2 3 4
3 1 5 Iteration k

——Starts at 0.95 ——Starts at 0.32

The iteration changes singular values without computing singular vectors.

A few iterations give an inexpensive approximation on GPUs.

The plotuses the 2 x 2 example. Small singular values need more iterations.



Muon: Newton—Schulz Convergence

The classical cubic converges to the polar factor [16].

Normalize first, so each singular value starts in [0, 1]. Then

3 1
Sik+1 = f(si,k)a f(s) = 53 - 553

fs) — 5 = %3(1 _ )30, 1— f(s) = %(1 —92(542) >0
Positive singular values increase to 1. Zero values stay zero.
Using the compact SVD for a matrix of rank ro,
Xy, = Uy, diag(six)V,, — UV, =Q
Return the zero matrix when the momentum 1is zero.

Practical Muon uses a few tuned quintic steps. Exact convergence is not required [13].

The inner iteration k orthogonalizes a fixed momentum. The index t counts training steps.



Muon: The Learning Algorithm

Combine momentum, orthogonalization, and a parameter update [13, 15].

Algorithm 1 Muon for one hidden weight matrix (simplified)

. Input: W, m® = 0, momentum S, learning rates 7, decay A
cfort=1,...,T do

Get mini-batch (X?,Y?) and compute ¢g* = OL(W'™ 1, Xt Y /oW
m' = fm'~! + (1 - B)g’

Q! ~ Orth(m!) via matrix-polynomial steps (use Q' = 0 if m! = 0)
Wt = (1 _ nt)\)wt—l _ ntQt

7: end for

8: Return W7

A

Here, Muon: hidden linear-layer weight matrices only.

AdamW: embeddings, output head, biases, and normalization parameters.

The simplified form uses ordinary momentum. Practical variants add Nesterov momentum and shape scaling.



Muon: Results and Extensions

Promising LLM results depend on the training setup [15].

L About 52% of AdamW’s training
o == Muon
29 \\* —— Adamw FLOPS
28 "~ S
- TSk At matched loss in fitted scaling curves for dense
\\\ *\\\ language models with 399M-1.5B non-
g2° N embedding parameters.
= 'S o
T os \\‘K N
y N *_ \k\ Polar Express improves finite-step polynomial
AR approximations [16].
53 0.519x FLOPs ~~_  ~~
N MuonClip adds clipping to stabilize attention
“To 10° 10! scores in large Transformers [17].

PFLOP/s-days
Figure: Liu et al. (2025), Fig. 1a [15].

FLOP savings do not directly specify wall-clock savings or guarantee gains on a new task. .
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Early Stopping

We do not necessarily need to run the optimization until the maximum number of iterations or until its convergence.

Error
A

Validation Error
Early

Termination

Training Error
| —_—

] » Iraining Steps

Image Credit: [10]



Early Stopping

We do not necessarily need to run the optimization until the maximum number of iterations or until its convergence.

Error

A

Early
Termination

Validation Error

Training Error

Stop after a chosen number of validation checks without meaningful improvement, then restore the best checkpoint.

» Iraining Steps

Alternatively, train for the full budget and select the checkpoint with the lowest validation loss.

Image Credit: [10]
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Early Stopping: A Practical Rule

Use validation loss to decide when to stop [18].

Checkpoint: save the weights whenever validation loss reaches a new minimum.

Patience: reset the counter after a significant improvement. Otherwise add 1.

Lval(Wt) <b—9¢

Here b is the loss at the last significant improvement; ¢ is the minimum decrease.

Stop after p checks without significant improvement, then restore the best checkpoint.

Example: p =3, 6 =0.01. Losses 0.500, 0.460, 0.455, 0.456, 0.457.
Stop at check 5 and restore the weights from check 3.

Patience counts validation checks. Choose the rule using validation data; keep the test set for final evaluation.
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