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1 Statistical Learning Setup

A supervised learning problem has the following components. Linear regression will instantiate each of them.

Component Role

Problem specification Identify the input, output, and prediction task.
Model design Choose a family of prediction functions.

Loss design Measure prediction errors.

Prediction/inference Compute an output using a fitted model.
Learning/training Fit model parameters using training data.
Validation/testing Select hyperparameters and evaluate on new data.

Data, model, and loss

ii.d.
D= {(:Ena yn)}ﬁ[:p (ajnv yn) ~ ]P)data(x> y)

Here N is the number of examples and z,, € RP*! is a column vector with D input features. Independent and
identically distributed (i.i.d.) means that examples are sampled independently from the same distribution. An
input and its label may still be dependent. A model f(-,w) belongs to a hypothesis class H, the chosen family of
functions. It predicts ¢, = f(zn,w); £(Jn, y,) measures its error. In this general setup, w denotes all learnable
parameters; regression will separate weights w from the bias b. A hyperparameter, such as the learning rate,
controls the model or training procedure and is selected using validation data.

Expected loss and training loss

N
R(w) = E(az,y)NPdata [E(f(xv ’UJ), y)]a L(’LU) = % Z E(f(xna ’U)), yn)
n=1

We want small expected loss R. Since the distribution is unknown, empirical risk minimization (ERM) instead
seeks to minimize the training loss L [1]. Low training loss alone does not guarantee good predictions on new data.

Learning and prediction
For an iterative learning algorithm, write
@:A(D7w05)‘)) ?//\:f(xaﬂ}))

where wy is the initialization and A denotes hyperparameters. Learning fits parameters; prediction uses them. The
loss specifies what to optimize, and the algorithm specifies how. Gradient descent is one choice; for a general
model, it need not find a global minimum.
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2 Linear Regression

Problem, model, and loss

For scalar-output regression, y, € R. The linear model is
D
n = f(@n,w,b) =w'zy+b=> wlda[d+b, ~ weRP* beR

The bias provides an intercept. The model is affine in x,,, conventionally called linear. Mean squared error (MSE)
averages (4, — yn)?>. For the gradient derivation, the slides use half the MSE:

N
A . 1 1
=0 =ty ALnom) =5l L(w,b) =55 (1)
n=1

The Latin [,, is a signed residual; ¢ is the per-example loss. The factor 1/2 preserves the minimizer and rescales the
gradient.

3 Learning Algorithm: Gradient Descent

Loss gradients

For one example, the chain rule gives

v 9(312) al, . ol
- = = = lnwnma = = .
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Averaging over the training dataset yields
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The weight gradient has the same shape as w. Each example contributes its residual, weighted by its input features.
Appendix A gives the matrix form.

One update and repeated training

With learning rate n > 0, update both parameters using derivatives at the same current parameters:

oL
w1 — @ nva(w(t)’ b(t)), pi+D) — p() _ n%(w(t), b(t))_
For the slide example, x1 = 2, y; = 3, w® =1, =0, and n = 0.1. The residual is —1, the gradients are
(=2, —1), and the update gives (w("),b(1)) = (1.2,0.1). The half-MSE decreases from 0.5 to 0.125.
Repeat the update, recomputing gradients each time. A step that is too large can increase the loss. Full-batch
gradient descent uses all N examples. Mini-batch SGD uses a random subset 13, replacing N ! zgzl with
|B|=*>",,c5- Each update is cheaper but noisy.
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4 Generalization and Model Evaluation

Optimization reduces the training objective. Generalization concerns performance on new examples from the
intended setting [2].

Split Role

Training Fit/learn model parameters and any preprocessing statistics.
Validation Tune hyperparameters and select a model or checkpoint.

Test Evaluate the selected model without using the results to tune it.

Choose a checkpoint by validation performance; the last iterate need not be best. With limited data, k-fold
cross-validation fits on k£ — 1 folds and validates on the remaining fold, rotating the held-out fold and averaging its
scores. Keep test data outside this selection, and choose splits that prevent information leakage.

An underfitted model misses important structure, often showing high training and validation error. An overfitted
model learns training-specific details that do not generalize, often showing a large training—validation gap. These
are diagnostic patterns, not guarantees.

Bias, variance, and noise

For squared-error regression, let fp(z) be the model fitted on a random training dataset of fixed size. At a fixed
input z, define

y(z) :=Ely | 2], f(z) == Ep[fp()],
Bias(z) := f(z) — (),
Variance(z) := Ep|[(fp(z) — f(x))?],
Noise(z) := E[(y — g(z))* | z].

Bias measures error in the average prediction. Variance measures changes in the prediction across training datasets
at the same input. Noise is output variation unexplained by that input.

For a fresh test example independent of the training data, assuming finite second moments,

Ep,[(y — fp(x))? | 2] = Bias(z)? + Variance(x) + Noise(z). (3)

Training randomness may be fixed or included in the expectation. Averaging both sides over x gives expected test
MSE. For half-MSE, divide every term by two. Appendix B gives a short proof.

The bias—variance tradeoff

Increasing flexibility can reduce bias while increasing sensitivity to the training sample. Stronger regularization can
reduce variance while increasing bias. Validation helps select a useful balance. The noise term is irreducible given
the available input information; adding informative features can change it.

These trends are not universal laws. The decomposition does not require a U-shaped test-error curve, and parameter
count alone does not determine generalization. Some interpolating linear models can generalize well under suitable
conditions; see Appendix B for the connection to benign overfitting.
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5 Binary Classification

Linear score, hard decision, and classification error

For y,, € {0,1}, use the score f(x,,w,b) = w'x, + b. A threshold classifier is

N
N 1 R
¢n = 1[f(2n, w,b) > 0], error rate = — E_l 1[¢n # Yn).

Here 1[] is 1 when its condition holds and 0 otherwise. The decision boundary is a hyperplane; a score of zero is
assigned to class 0. The 0-1 loss is constant between decision changes and discontinuous at those changes, so it
provides no useful gradient for learning.

Logistic regression and binary cross-entropy

Convert the score, called a logit, to a probability using the logistic sigmoid:

1

Un = o(f(zn,w,b)), o(a) = H—Tp(—a)'

U, estimates the probability of class 1. The hard decision remains ¢, = 1[g, > 1/2|. A differentiable loss is binary
cross-entropy (BCE):

N
X X X 1 N
g(ynayn) = —Yn log §n — (1 _yn) log(l _yn)’ L(w,b) = Nzg(ymyn) “4)
n=1
BCE is the negative log-likelihood of the observed label under a Bernoulli model [2]. Confidently wrong predictions
receive a large loss. Correct predictions can have different BCE values even when their accuracy is the same. All

logarithms here are natural. Appendix A derives the BCE gradient.
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6 Multiclass Classification

Class scores and one-hot targets

For one of K mutually exclusive classes, y, € {1,..., K}, use
f(2n, W,b) = Wa, +b e REXL W e REXD pe REXL

Each row of W provides one class’s weights. The output contains K logits; these scores need not sum to 1. The
one-hot target has entry 1[y,, = k] at coordinate k, so exactly one entry is 1.

Softmax and cross-entropy

Softmax turns the logits into a valid probability distribution:

el D Cp = arg max gy k.
iy exp(f (@, WD) [j])’ n = argt nlk]

The probabilities are positive and sum to 1. Independent sigmoids instead suit multilabel tasks, where several labels
may be true at once. For one-hot targets,

Un [k] =

K N
X X X 1 .
CGnsyn) = =Y Lyn = K] log gn[k] = —log gulya),  L(W,b) = N > Ll yn)-
k=1 n=1

Only the probability of the correct class contributes to this example’s loss. Averaging over examples gives the
training objective.

More about softmax: temperature and argmax

Let a = f(xy, W,b) be a fixed vector of finite logits. Following the slides, introduce a temperature 3 > 0:

exp(ali]/B)
K ; .
Ej:l exp(alj]/B)
Ordinary softmax uses 8 = 1. Smaller temperatures concentrate probability on larger logits, while larger

temperatures flatten the distribution. Every positive temperature preserves the ordering of logits and hence the
argmax decision.

softmaxg(a)[i] =

The same subtraction used for log-sum-exp in Appendix A gives

exp((alt] —m)/B) m = max alj].
1 exp((ali] —m)/8) ’

If the maximum is unique at k* = arg max; a[j], its exponential is 1 and all others tend to zero as § — 0. As

8 — o0, every exponential tends to 1. Therefore,

softmaxg(a)[i] =

lim softmaxg(a)li] = 1[i = k* lim softmaxg(a)[i] = —.
Jim softmases(a)[i] = 1 =], lim softmaxs(a)li] = -
With ¢ tied maxima, the low-temperature limit assigns 1/q to each maximizing entry and zero elsewhere. Thus
softmax is a smooth approximation to a one-hot argmax output when the maximum is unique, motivating the slides’
term softargmax. Its output is a probability vector, rather than the scalar maximum or a class index.
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7 Implementation and Neural Networks

Compute cross-entropy from logits

Use the combined losses in torch.nn. functional, abbreviated as F, to handle sigmoid or log-softmax inter-
nally [3]:

* Binary: F.binary_cross_entropy_with_logits(logits, targets). Targets are floating-point binary
labels with the same shape as the logits.

* Multiclass: F.cross_entropy(logits, class_indices). For a batch of N examples, logits have shape
N x K and class indices have shape IV, with integer labels O, ..., K — 1 in code.

Pass raw logits to these functions. Appendix A gives the stable log-sum-exp identity used to compute multiclass
Ccross-entropy.

What changes in an MLP?

A linear model uses the given features. A multilayer perceptron learns a nonlinear feature representation h(x):
flx)=Wz+b — f(x)=Wh(x)+b.

The shape of W changes to match the representation. Nonlinear hidden layers allow more expressive functions;
composing affine layers without nonlinearities still gives an affine function. The prediction loss, gradient updates,
and validation procedure remain familiar.

Self-check questions
Try these before reading the answers in Appendix C.

1. Does multiplying the regression loss by two change its minimizer? What changes in gradient descent if the
numerical learning rate stays fixed?

2. A model has lower training loss but higher validation loss than another model. Which result should guide
selection, and what is the test set for?

3. At a fixed input, suppose %(x) = 3, f(x) = 4, Variance(z) = 2, and Noise(x) = 1. What are the bias and
expected squared prediction error?

4. For y = 0, which probability of class 1 gives smaller BCE: 0.1 or 0.4?
5. If D = 5 and K = 3, what are the shapes of W, b, and f(x, W, b) in multiclass classification?

6. If the same constant is added to every multiclass logit, do the softmax probabilities change?
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A Selected Derivations

These details supplement the main text in the same topic order.

Linear regression in matrix form

Let X € RV*P have row n equal to x,z ety = [yr,. .. ,yN]T, and let 1 € RV*! contain ones. With residual
vector [ = Xw + bl — v,

1

L=
2N

1", Vol ==X"l, —=_1"L

The D entries of X [ are precisely the sums in (2).
Binary cross-entropy gradient
Write a = f (2, w,b) and g, = o(a). Since o’ (a) = §,,(1 — §y), the chain rule gives

86_<_1{n+1—1{n
da Yn 1_yn

> Qn<1 - Z)n) = Un — Yn-

Therefore V,¢ = (§n, — Yn)xyn and 9€/0b = §,, — y,. The gradients resemble regression, but the output is now a
probability and the loss is BCE.

Stable multiclass cross-entropy

For logits a = f(z,,, W, b) and true class k = y,,
K
0= —af}] +1og 3 explalj]).
j=1
Set m = max; a[j]. Factoring out exp(m) gives
K
0= (m—alk]) + logZexp(a[j] —m).
j=1

All exponent arguments are nonpositive, avoiding overflow from large positive logits. Compute the loss in this form
rather than first forming a tiny probability and then taking its logarithm.
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B Further Details on Generalization

Deriving the bias—variance decomposition

Fix an input z. The training dataset D is random, but its size N and the learning procedure are fixed. A fresh test
pair (z,y) is independent of D. Assume finite second moments. As in Section 4,

y(x) =Ely |«],  f(z) =Ep[fp(z)].

Any training randomness can be included with D. The label y may depend on its own input x; the independence
assumption concerns the test pair and the training dataset.

1. Separate label noise from prediction error. Add and subtract (), expand the square, and take expectations:

Epyl(y — fo(@)? | 2] = Epy | ((y - 5(2) + (5(2) - fp(2))* | 2]

=E[(y - y(2)) | a] +Ep[(fp(2) — 5(2))?]
Noise(z)
+ 2Epy[(y — 9(2))(¥(z) — fo(z)) | z].

The last term is zero. Conditional on z and D, the fitted prediction is fixed and the fresh label still has mean y(z):

Epyl(y —9) (@ — fp) | 2] =Ep |( — fp)Ely -9 | 2,D]| =0.
0

Here and below, arguments () are omitted inside intermediate expressions when there is no ambiguity.

2. Separate squared bias from model variance. Now add and subtract the average fitted prediction f(z):

Eol(fo —9)*] = En|((fo — /) + (F — )]
= Ep[(fo — [)’|+(f —9)> +2(f — ) Eplfp — f].
—_——— ——

—_————
Variance(z) Bias(z)? 0

The second cross term vanishes by the definition of f(z). Combining the two steps gives (3). Finally, average over

test inputs:
Ep (z.)[(y — fp(2))?] = E4[Bias(z)?] + E,[Variance(z)] 4+ E,[Noise(z)].

For the half-MSE loss in (1), divide all four terms by two. This identity holds for any learning procedure under
these assumptions. It does not specify how the terms change when the model becomes more flexible.
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Benign overfitting in linear regression

Consider centered Gaussian inputs, y = 2 ' w* + ¢, and independent zero-mean Gaussian noise with variance
02 > 0. Here w* is the true parameter vector and ¢ is label noise. For D > N and full row rank X € RV*P the
minimum-norm interpolator is

@ = argmin |[w]|3 = X (XX ")y, Xw=y.
w: Xw=y

Interpolation gives zero training error, including an exact fit to the label noise. Bartlett et al. give nearly matching
bounds on its excess test MSE [4]:

E(@) :=Eyyl(ly — 2" @)% | D] — 0% = (0 —w*) ' B(0 —w*), ¥ =Eza']

Covariance eigenvalues measure input variation in different directions. Under suitable spectra, the minimum-norm
predictor can spread the fitting of training noise across many weak directions, keeping its effect on new predictions
small.

For covariance eigenvalues p1 > --- > up > 0, define tail effective ranks

rk:M, R,FM, k*=min{0 <k < D:r, >cN},
ME+1 Zj>k:uj

where ¢ > 1 is a theorem constant (k* = oo if the set is empty). As N — oo, allow D and X to vary with N. With
bounded ||w*||, i1, and o2, sufficient conditions for (@) — 0 in probability are

*

k
—0 — —0 — 0.
I N ) Rk*

70

N

The spectrum must contain many weak directions without excessive total variance. Up to constants and confidence
factors, the noise contribution scales with £* /N + N/ Ry«; parameter count alone misses this structure.

For example, take one eigenvalue equal to 1 and N2 eigenvalues equal to N~2. Then D = N2 4+ 1,7y =2, k* =1
and Ry« = N? for large N: all three ratios vanish. This example follows directly from the displayed conditions.

’

Thus exact fitting can coexist with test MSE approaching the noise floor. The result concerns this estimator and data
model, not arbitrary interpolation or a guarantee for deep networks. The bias—variance identity remains valid.
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C Self-Check Answers

1. The minimizers are unchanged. Gradients double, so the update doubles at the same current parameters.
Halving the learning rate restores the original update.

2. Use validation performance for selection. Use the held-out test set to evaluate the selected model without tuning
it using those results.

3. Bias(x) = 4 — 3 = 1. Expected squared error is 12 4 2 + 1 = 4; expected half-squared error is 2.

4. 0.1: its loss is —1log 0.9 ~ 0.105, compared with —log 0.6 ~ 0.511 for probability 0.4.
5. W e R¥>5, b e R®>!, and f(x, W,b) € R3*1,
6. No. For a shared constant ¢, the factor exp(c) cancels:
exp(alk] +¢) _ exp(c)exp(alk]) _ exp(a[k])
> jexplaljl +¢)  exp(e) 3o explals]) 35 explali])
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