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Linear Layer

Consider the following linear layer of a single output unit:
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Linear Layer

Consider the following linear layer of a single output unit:

N
Yy = E WnIyp = WTX
n=1
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What if we have multiple output units?
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Linear Layer

What if we have multiple output units?

N
Ym — E WmnIn
n=1

1 w11, W12,
Y2 w21, W22,
y = W=
:7 :7
| YM | Wpm1, WM2,

y = Wx
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Linear Layer

What if we have multiple output units? What about bias?
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What if we have multiple output units? What about bias?




Linear Layer

A linear layer with a bias is an affine map.

Stacking affine layers alone still gives one affine map.

WQ(W1X —+ bl) —+ b2 — (WQWl)X —+ (WZbl —+ bg)

Nonlinear activations let depth represent more complex functions.



Linear Layer

What if we have multiple output units? What about bias?

We can compactly rewrite it via homogeneous coordinates.
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Linear Layer

What if we have multiple output units? What about bias?

We can compactly rewrite it via homogeneous coordinates.

1 w11, Wig,
5)
3 - w21, w22,
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xN 9 )
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Activation Functions

To make neural networks become nonlinear models, we often apply element-wise nonlinear
activation functions.

yi = f(y:)




Activation Functions

To make neural networks become nonlinear models, we often apply element-wise nonlinear

activation functions.

vi = f(yi)
y = f(y)

Activations act element-wise unless
stated otherwise.



Activation Functions

We usually apply the activation independently to each coordinate.

1

* Sigmoid fx)=0(x) = 1+e=

1.0

0.5

f(x)

0.0

Useful for binary probabilities and gates.
Saturates for large positive or negative inputs.



Activation Functions

We usually apply the activation independently to each coordinate.

* Sigmoid f(x) = tanh(z)

e Tanh

Zero-centered. Used in recurrent state updates.
Saturates on both sides.



Activation Functions

We usually apply the activation independently to each coordinate.

f(x) = max(0,x)

* Sigmoid
 Tanh
« ReLU [1] 4

f(x)

P

4 2 0 2

X

Zeroes negative inputs, giving sparse activations.
Zero gradient can leave units inactive.



Activation Functions

We usually apply the activation independently to each coordinate.

* Sigmoid () = x, x>0
e Tanh ar, x <0
* ReLU 1]

+ Leaky ReLU/ PReLU [2]

Leaky ReLU fixes the negative slope a.
PReLU learns a. The plot uses a =0.1.



Activation Functions

We usually apply the activation independently to each coordinate.

e Sigmoid f(z) = 2®(x)
* Tanh
« ReLU 1]
* Leaky ReLU /PReLU [2]
 GELU [3] z
4 2

@ 1s the standard normal CDF.
Smooth activation used in BERT and ViT.



Activation Functions

We usually apply the activation independently to each coordinate.

e Sigmoid f(z) = zo(x)

* Tanh

« ReLU [1] 4
« Leaky ReLU /PReLU [2] 3
+  GELU [3] 2 ’

* SIiLU/Swish [3, 4]

SiLU is Swish with § = 1.
Smooth self-gating. Used in EfficientNet
and in SwiGLU gates.



Activation Functions

ReL U, GELU, and SiLLU

GELU and SiLU keep small negative values and change smoothly near zero.

—RelLU —GELU —SiLU
4

f(x)

e N
4

Choose the activation with the architecture. There is no universal winner.

26



Activation Functions

Some nonlinear functions couple multiple coordinates.

Softmax f(x) = [ ;XP(XI) o Ie(XP(XK) ]
D k=1 €XP(X) D k=1 6XP(Xk)

Maxout [9] f(x) = max X
exp(x1) >l exp(xi)
10 = yoees
cumax [ ] f(X) [25_1 exp(xk) Zé(’:l exp(xk)

Softmax followed by cumulative sum

27



Activation Functions

Gated MLPs [5]

Compute two learned projections, then multiply them element-wise.
u=W,h+Db,, v =W,h+ b,

GLU(h) = o(u) ® v



Activation Functions

Gated MLPs [5]

Compute two learned projections, then multiply them element-wise.
u=W,h+Db,, v =W,h+ b,

GLU(h) = o(u) O v

GEGLU [5] uses GELU. SwiGLU [5] uses SiLU.

SwiGLU(h) = SiLU(u) ® v

At fixed hidden width, gating adds parameters. We return to this in Transformers.



Activation Functions

Some nonlinear functions couple multiple coordinates.

Softmax f(x) = [ ;XP(XI) o Ie(XP(XK) ]
D k=1 €XP(X) D k=1 6XP(Xk)

Maxout [9] f(x) = max X
exp(x1) >l exp(xi)
10 = yoees
cumax [ ] f(X) [25_1 exp(xk) Zé(’:l exp(xk)

Softmax followed by cumulative sum

30
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Batch Normalization

Batch Normalization (BN) [6]

Normalize each feature using statistics across the mini-batch.
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Batch Normalization (BN) [6]
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It often improves optimization and allows larger learning rates.



Batch Normalization

Batch Normalization (BN) [6]

Normalize each feature using statistics across the mini-batch.

Why use it?

It often improves optimization and allows larger learning rates.

Original motivation: internal covariate shift

Reducing distribution shifts alone does not fully explain its benefits [7].

Its effect depends on optimization, batch statistics, and the model.



Batch Normalization

Suppose we have a batch of activations X € REXP

vectorize
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Batch Normalization

Suppose we have a batch of activations X € REXP

vectorize

—)

vectorize

—)

vectorize

—)

m[J]=%ZX[z,J]
1
1 B

m = EZX[Z’ ]
=1

37



Batch Normalization

Suppose we have a batch of activations X € REXP

vectorize

—)

vectorize

—)

vectorize

—)
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Batch Normalization

Suppose we have a batch of activations X € REXP

1
vectorize i=1
1 B
vlj) = 5 D_(X[i,j] — m[j])’
i=1
vectorize normalized activations:
B X _
R, 5] = o[ 2ol | g

Vvl +e

vectorize

—)
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Batch Normalization

Suppose we have a batch of activations X € REXP

vectorize

—

vectorize

—

vectorize

—

D] =
]
>

.
i

|
El

<
N

N

normalized activations:

~

X

[7’7]] —

(7]

Vvl +e

Learnable Parameters

40
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Batch Normalization

Each column is a feature. Each row is an example.

X e RBXD
mij) = = S X[id) vl = 5 (Xl ] - mij)?
Rli.j) =01~ = g

Learnable scale y and shift  act on the normalized feature.



Batch Normalization

Training

Use the current mini-batch mean and variance. Update running estimates.
Myyp < (1 — CV)Inrun + OIMpatch

unbiased

Evaluation

Use the saved running statistics. Keep the learned y and 3.

The running-variance update above follows the PyTorch convention.



Batch Normalization

Training and evaluation behave differently
model.train(): use batch statistics and update running statistics.

model.eval(): use saved running statistics.
Small or unrepresentative batches can make BatchNorm unreliable.
In CNNs, compute one set of statistics per channel across batch and space.

LayerNorm and RMSNorm use features within each example or token.

They are common alternatives in Transformers. We will study them later.

PyTorch defaults: track running_stats=True.
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Dropout

Suppose we have a batch of activations X € REXP
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Dropout

Suppose we have a batch of activations X € REXP

We can make them stochastic by randomly turning some units off
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Dropout

Suppose we have a batch of activations X € REXP
We can make them stochastic by randomly turning some units off

Mathematically, we create a matrix mask M € RE*P a5 follows

Mli, j] ~ Bernoulli(1 — p)

~
'F‘
=
[
=
[
3

47



Dropout

Suppose we have a batch of activations X € REXP
We can make them stochastic by randomly turning some units off

Mathematically, we create a matrix mask M € RE*P a5 follows
Mli, j] ~ Bernoulli(1 — p)

P(Mli,jl=1)=1-p
P(M[Zvj] — O) p

Then we perform element-wise product (a.k.a. Hadamard product)
X=MoX
Xli,j] = M3, j1X[t, j]

48









Dropout

What does Dropout [8] do to the neural networks?
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What does Dropout [8] do to the neural networks?

It turns off a random subset of units, thus blocking a
random subset of paths!




Dropout

What does Dropout [8] do to the neural networks?

It turns off a random subset of units, thus blocking a
random subset of paths!

This discourages reliance on particular units and can
reduce overfitting.




Dropout

How do training and evaluation use dropout?



Dropout

How do training and evaluation use dropout?

The original convention (p = drop probability)

Match the mean of each masked activation at evaluation time.

~

Mij ~ Bernoulli(l — p), Xz'j = Mz X’LJ



Dropout

How do training and evaluation use dropout?

The original convention (p = drop probability)

Match the mean of each masked activation at evaluation time.

~

Mij ~ Bernoulli(l — p), Xij = Mz X’LJ

EM[Xz’j | X]=(1—-p)Xy



Dropout

How do training and evaluation use dropout?

The original convention (p = drop probability)

Match the mean of each masked activation at evaluation time.

o~

Mij ~ Bernoulli(l — p), Xij = Mz Xz]
En[Xi; | X] = (1-p) Xy

At evaluation, use (1 — p)X instead of sampling masks.

This matches a local mean, not the exact average of a nonlinear network.

57



Dropout

Inverted dropout

Scale the surviving activations during training.

s MoX
q=1-—p>0, M;; ~ Bernoulli(q), X = ©
q




Dropout

Inverted dropout

Scale the surviving activations during training.
g=1—p>0, M;; ~ Bernoulli(q),

En[X | X] =X

Evaluation uses X directly. No mask and no extra scaling.

This 1s the convention used by torch.nn.Dropout.

MoX
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Build a Deep MLP

We can combine linear layers, activations, normalization, and dropout into a deep MLP.



Build a Deep MLP

We can combine linear layers, activations, normalization, and dropout into a deep MLP.

One possible hidden block (normalization and dropout are optional):

Linear H BN H N01}11n§ar
Activation

62



Build a Deep MLP

We can combine linear layers, activations, normalization, and dropout into a deep MLP.

One possible hidden block (normalization and dropout are optional):

optional

: Nonlinear
Linear BN .. - == Dropout
Activation P

______________

4
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Build a Deep MLP

We can combine linear layers, activations, normalization, and dropout into a deep MLP.

One possible hidden block (normalization and dropout are optional):

optional

X Nonlinear
= Linear BN .. - == Dropout
Activation P

______________

4

64



Build a Deep MLP

We can combine linear layers, activations, normalization, and dropout into a deep MLP.

One possible hidden block (normalization and dropout are optional):

optional

‘/ _____________
X Nonlinear :
Linear BN .. - == Dropout
| ‘ | ‘ Activation : pou

Stack hidden blocks, then choose an output layer for the task:

o~ H e = Hme b o

4

65
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