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Given two graphs, are they isomorphic?

Given two adjacency matrices                   , is there a permutation matrix         s.t. ?
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It is unknow if this problem is 
in P or NP-Complete!

https://en.wikipedia.org/wiki/Graph_isomorphism


The Weisfeiler-Lehman Isomorphism Test
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Injective hash function:

Mapping distinct multi-sets to distinct labels



The Weisfeiler-Lehman Isomorphism Test

If the partition of nodes by labels are different, then two graphs are non-isomorphic!

If the partition of nodes by labels are same, we can not decide!
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The Weisfeiler-Lehman Isomorphism Test
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Proof Sketch: Proof by contradiction. 

Suppose the GNN has                                 , but WL test outputs the same node partition based on labels

By induction, prove that there exists a valid mapping from node label (WL) to node feature (GNN)

Readout of GNN is permutation invariant => Same node partition generates same graph representation

Therefore, we have 

<latexit sha1_base64="LNQZIOc4BV/ivSsNlgU4Gs6Z6J0="></latexit>
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GNNs Are as Powerful as 1-WL

[2]

Proof Sketch:

By induction, prove that there exists an injective mapping from node label (WL) to node feature (GNN)

Since readout is injective, different multi-sets will be mapped to different graph embeddings
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Other Results & Open Questions?

[2]

• GNNs are universal approximators for functions on graphs [5,6]

• GNNs are Turing universal [7]

• Expressiveness of GNNs using communication capacity [8]

• Expressiveness of GNNs in terms of counting substructures [9]

• Can we design GNNs that go beyond 1-WL? [3,17,18,19]



Theoretical Aspects of GNNs

• Expressiveness / Capacity

What functions on graphs can be represented by GNNs? 

Can GNNs distinguish isomorphic graphs?

Are GNNs universal approximators?

• Generalization

How well do GNNs generalize to unseen graphs?

What are factors that affect the generalization of GNNs?



Learning Algorithm

best model(      ,  )
i.i.d. data

cat

(Uniform Convergence) Generalization Bound:

For any hypothesis in     , any data distribution, any                  ,

with probability           ,

� 2 (0, 1)
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Statistical Learning Theory
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Perturb Weights Posterior       over H
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Learned Model

True error <= Train error + f(   ,    , sample size, ...)Q
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P
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PAC-Bayes Theory
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Graph Convolutional Networks (GCNs) [12]

Models



Graph Convolutional Networks (GCNs) [12]

Message Passing Graph Neural Networks (MPGNNs) [13]

Models



Perturbation Bounds

[14]



Perturbation Bounds

[14]



Generalization Bounds for GCNs

[14]



Proof Sketch:

Perturbation bound + Measure Concentration Inequalities => A model with certain 
learned weights could generalize

Similar bounds hold for a finite covering set of all possible weights and then use union 
bound to derive the final result

Generalization Bounds for GCNs

[14]



MLPs/CNNs are special GCNs if we construct the following graph:

• Each image is a node

• No edges exist except self-loops

(Convolution is matrix multiplication as well)

Generalization Bounds for GCNs



PAC-Bayes bounds for MLPs/CNNs (w/ ReLU)

Generalization Bounds for GCNs

[14]



PAC-Bayes bounds for MLPs/CNNs (w/ ReLU)

Generalization Bounds for GCNs

[14]



Generalization Bounds for Message Passing GNNs

[14]



Generalization Bounds for Message Passing GNNs

[14, 15]



synthetic graphsreal-world graphs

Generalization Bounds for Message Passing GNNs

[14]



• Spectral norm of weights and max node degree play key roles in the generalization of GNNs

• Bounds for MLPs/CNNs (w/ ReLU) are special cases of bounds for GCNs, which reconciles 
with the observation that MLPs/CNNs (w/ ReLU) can be viewed as special GCNs

• PAC-Bayes bounds are empirically tighter than the recent Rademacher complexity based 
bounds on several synthetic and real-world graph datasets

• Rademacher complexity based generalization bounds [15]

• VC-Dimension based generalization bounds [16]

Take Home Messages & Other Results



• Is the maximum node degree the only graph statistic that has an impact on the 
generalization ability of GNNs? 

• Would the analysis still work for other interesting problem setups like out-of-
distribution generalizations?

• What is the impact of the optimization algorithms like SGD on the generalization of 
GNNs?

Open Questions
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