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Course Scope

• Brief Intro to Deep Learning

• Geometric Deep Learning

• Deep Learning Models for Sets and Sequences: Deep Sets & Transformers
• Deep Learning Models for Graphs: Graph Convolution & Message Passing GNNs
• Expressiveness & Generalizations of GNNs
• Unsupervised/Self-supervised Graph Representation Learning

• Probabilistic Deep Learning

• Deep Generative Models:
Auto-regressive models, GANs, VAEs, Diffusion/Score based models

• Discrete/Hybrid Latent Variable Models: RBMs, Latent Graph Models
• Stochastic Gradient Estimation
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Given two graphs, are they isomorphic?

Given two adjacency matrices                   , is there a permutation matrix         s.t. ?
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It is unknow if this problem is 
in P or NP-Complete!

https://en.wikipedia.org/wiki/Graph_isomorphism


The Weisfeiler-Lehman Isomorphism Test
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Injective hash function:

Mapping distinct multi-sets to distinct labels



The Weisfeiler-Lehman Isomorphism Test

If the partition of nodes by labels are different, then two graphs are non-isomorphic!

If the partition of nodes by labels are same, we can not decide!
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Proof Sketch: Proof by contradiction. 

Suppose the GNN has                                 , but WL test outputs the same node partition based on labels

By induction, prove that there exists a valid mapping from node label (WL) to node feature (GNN)

Readout of GNN is permutation invariant => Same node partition generates same graph representation

Therefore, we have 

<latexit sha1_base64="LNQZIOc4BV/ivSsNlgU4Gs6Z6J0="></latexit>

A(G1) 6= A(G2)
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GNNs Are as Powerful as 1-WL

[2]

Proof Sketch:

By induction, prove that there exists an injective mapping from node label (WL) to node feature (GNN)

Since readout is injective, different multi-sets will be mapped to different graph embeddings
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• GNNs are Turing universal [7]

• Expressiveness of GNNs using communication capacity [8]

• Expressiveness of GNNs in terms of counting substructures [9]

• Can we design GNNs that go beyond 1-WL? [3,17,18,19]
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Theoretical Aspects of GNNs

• Expressiveness / Capacity

What functions on graphs can be represented by GNNs? 

Can GNNs distinguish isomorphic graphs?

Are GNNs universal approximators?

• Generalization

How well do GNNs generalize to unseen graphs?

What are factors that affect the generalization of GNNs?



Learning Algorithm

best model(      ,  )
i.i.d. data

cat

(Uniform Convergence) Generalization Bound:

For any hypothesis in     , any data distribution, any                  ,

with probability           ,

� 2 (0, 1)
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Statistical Learning Theory
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P

<latexit sha1_base64="flHvBSAL7UsNTVVRDVckrOx35KE=">AAAB6HicbVDLSgMxFL1TX7W+qi7dBIvgqsxIRZdFNy5bsA9oB8mkd9rYTGZIMkIZ+gVuXCji1k9y59+YtrPQ1gOBwznnkntPkAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8H4duZ3nlBpHst7M0nQj+hQ8pAzaqzUbDyUK27VnYOsEi8nFchh81/9QczSCKVhgmrd89zE+BlVhjOB01I/1ZhQNqZD7FkqaYTaz+aLTsmZVQYkjJV90pC5+nsio5HWkyiwyYiakV72ZuJ/Xi814bWfcZmkBiVbfBSmgpiYzK4mA66QGTGxhDLF7a6EjaiizNhuSrYEb/nkVdK+qHq16mWzVqnf5HUU4QRO4Rw8uII63EEDWsAA4Rle4c15dF6cd+djES04+cwx/IHz+QOsMYzc</latexit>

<latexit sha1_base64="vIZ4gj748EnnL580xV+6YfDr7oM=">AAAB9XicbVDLSsNAFL2pr1pfUZduBovgqiQi6rIogssW7APaWCbTSTt0MgkzE6WE/IcbF4q49V/c+TdO2iy09cDA4Zx7uWeOH3OmtON8W6WV1bX1jfJmZWt7Z3fP3j9oqyiRhLZIxCPZ9bGinAna0kxz2o0lxaHPacef3OR+55FKxSJxr6cx9UI8EixgBGsjPfRDrMe+n95mg7SZDeyqU3NmQMvELUgVCjQG9ld/GJEkpEITjpXquU6svRRLzQinWaWfKBpjMsEj2jNU4JAqL52lztCJUYYoiKR5QqOZ+nsjxaFS09A3k3lKtejl4n9eL9HBlZcyESeaCjI/FCQc6QjlFaAhk5RoPjUEE8lMVkTGWGKiTVEVU4K7+OVl0j6ruRc1p3lerV8XdZThCI7hFFy4hDrcQQNaQEDCM7zCm/VkvVjv1sd8tGQVO4fwB9bnD9R1kro=</latexit>EQ
<latexit sha1_base64="vIZ4gj748EnnL580xV+6YfDr7oM=">AAAB9XicbVDLSsNAFL2pr1pfUZduBovgqiQi6rIogssW7APaWCbTSTt0MgkzE6WE/IcbF4q49V/c+TdO2iy09cDA4Zx7uWeOH3OmtON8W6WV1bX1jfJmZWt7Z3fP3j9oqyiRhLZIxCPZ9bGinAna0kxz2o0lxaHPacef3OR+55FKxSJxr6cx9UI8EixgBGsjPfRDrMe+n95mg7SZDeyqU3NmQMvELUgVCjQG9ld/GJEkpEITjpXquU6svRRLzQinWaWfKBpjMsEj2jNU4JAqL52lztCJUYYoiKR5QqOZ+nsjxaFS09A3k3lKtejl4n9eL9HBlZcyESeaCjI/FCQc6QjlFaAhk5RoPjUEE8lMVkTGWGKiTVEVU4K7+OVl0j6ruRc1p3lerV8XdZThCI7hFFy4hDrcQQNaQEDCM7zCm/VkvVjv1sd8tGQVO4fwB9bnD9R1kro=</latexit>EQ

PAC-Bayes Theory

[10]



Perturb Weights Posterior       over H

<latexit sha1_base64="0/NBCd4TTG8eKgsJgOG9+DCnYt0=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjNS0WXRTZcV7AOmQ8mkmTY0kwzJHaEM/Qw3LhRx69e482/MtLPQ1gOBwzn3knNPmAhuwHW/ndLG5tb2Tnm3srd/cHhUPT7pGpVqyjpUCaX7ITFMcMk6wEGwfqIZiUPBeuH0Pvd7T0wbruQjzBIWxGQsecQpASv5g5jAhBKRtebDas2tuwvgdeIVpIYKtIfVr8FI0TRmEqggxviem0CQEQ2cCjavDFLDEkKnZMx8SyWJmQmyReQ5vrDKCEdK2ycBL9TfGxmJjZnFoZ3MI5pVLxf/8/wUotsg4zJJgUm6/ChKBQaF8/vxiGtGQcwsIVRzmxXTCdGEgm2pYkvwVk9eJ92ruteoXz80as27oo4yOkPn6BJ56AY1UQu1UQdRpNAzekVvDjgvzrvzsRwtOcXOKfoD5/MHfYmRZg==</latexit>

Q

<latexit sha1_base64="yE+iQjrlZcV8CEFaNEB6+KVdXbw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZrNfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6Lq1aqXzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8frbWM3Q==</latexit>

Learned Model

True error <= Train error + f(   ,    , sample size, ...)Q

<latexit sha1_base64="yE+iQjrlZcV8CEFaNEB6+KVdXbw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZrNfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6Lq1aqXzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8frbWM3Q==</latexit>

P

<latexit sha1_base64="flHvBSAL7UsNTVVRDVckrOx35KE=">AAAB6HicbVDLSgMxFL1TX7W+qi7dBIvgqsxIRZdFNy5bsA9oB8mkd9rYTGZIMkIZ+gVuXCji1k9y59+YtrPQ1gOBwznnkntPkAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8H4duZ3nlBpHst7M0nQj+hQ8pAzaqzUbDyUK27VnYOsEi8nFchh81/9QczSCKVhgmrd89zE+BlVhjOB01I/1ZhQNqZD7FkqaYTaz+aLTsmZVQYkjJV90pC5+nsio5HWkyiwyYiakV72ZuJ/Xi814bWfcZmkBiVbfBSmgpiYzK4mA66QGTGxhDLF7a6EjaiizNhuSrYEb/nkVdK+qHq16mWzVqnf5HUU4QRO4Rw8uII63EEDWsAA4Rle4c15dF6cd+djES04+cwx/IHz+QOsMYzc</latexit>

PAC-Bayes Theory

[11]
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Graph Convolutional Networks (GCNs) [12]

Models



Graph Convolutional Networks (GCNs) [12]

Message Passing Graph Neural Networks (MPGNNs) [13]

Models



Perturbation Bounds

[14]



Perturbation Bounds

[14]



Generalization Bounds for GCNs

[14]



Proof Sketch:

Perturbation bound + Measure Concentration Inequalities => A model with certain 
learned weights could generalize

Similar bounds hold for a finite covering set of all possible weights and then use union 
bound to derive the final result

Generalization Bounds for GCNs

[14]



MLPs/CNNs are special GCNs if we construct the following graph:

• Each image is a node

• No edges exist except self-loops

(Convolution is matrix multiplication as well)

Generalization Bounds for GCNs



PAC-Bayes bounds for MLPs/CNNs (w/ ReLU)

Generalization Bounds for GCNs

[14]



PAC-Bayes bounds for MLPs/CNNs (w/ ReLU)

Generalization Bounds for GCNs

[14]



Generalization Bounds for Message Passing GNNs

[14]



Generalization Bounds for Message Passing GNNs

[14, 15]



synthetic graphsreal-world graphs

Generalization Bounds for Message Passing GNNs

[14]



• Spectral norm of weights and max node degree play key roles in the generalization of GNNs

• Bounds for MLPs/CNNs (w/ ReLU) are special cases of bounds for GCNs, which reconciles 
with the observation that MLPs/CNNs (w/ ReLU) can be viewed as special GCNs

• PAC-Bayes bounds are empirically tighter than the recent Rademacher complexity based 
bounds on several synthetic and real-world graph datasets

• Rademacher complexity based generalization bounds [15]

• VC-Dimension based generalization bounds [16]

Take Home Messages & Other Results



• Is the maximum node degree the only graph statistic that has an impact on the 
generalization ability of GNNs? 

• Would the analysis still work for other interesting problem setups like out-of-
distribution generalizations?

• What is the impact of the optimization algorithms like SGD on the generalization of 
GNNs?

Open Questions
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