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Lecture 8: Deep Generative Models of Graphs

VAEs and GANs



Course Scope

• Brief Intro to Deep Learning

• Geometric Deep Learning

• Deep Learning Models for Sets and Sequences: Deep Sets & Transformers
• Deep Learning Models for Graphs: Graph Convolution & Message Passing GNNs
• Expressiveness & Generalizations of GNNs
• Unsupervised/Self-supervised Graph Representation Learning

• Probabilistic Deep Learning

• Deep Generative Models:
Auto-regressive models, GANs, VAEs, Diffusion/Score based models

• Discrete/Hybrid Latent Variable Models: RBMs, Latent Graph Models
• Stochastic Gradient Estimation
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Deep Generative Models of Graphs
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Deep Generative Models of Graphs

• Variational Auto-Encoders (VAEs), [1,2]

• Generative Adversarial Networks (GANs) [3]
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Given data                  , Maximum Likelihood is:
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Given data                  , Maximum Likelihood is:

Variational Auto-Encoders (VAEs)

We introduce latent variable 
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Given data                  , Maximum Likelihood is:

Variational Auto-Encoders (VAEs)

We introduce latent variable 
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Intractable Integration!



Deep Generative Models of Graphs

Variational Approximation
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Deep Generative Models of Graphs

Variational Approximation

Integrating from both sides:
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Variational Approximation

Integrating from both sides:
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Variational Approximation

Integrating from both sides:
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Since true posterior                    is often unknown, KL term is intractable

ELBO:
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Prior:
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Graph Variational Auto-Encoders [4,5]

Node feature:

Node latent variables: 

Adjacency matrix: 
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Graph Variational Auto-Encoders [4,5]

Encoder:
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Graph Variational Auto-Encoders [4,5]

Encoder:

Prior:
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Graph Variational Auto-Encoders [4,5]

Decoder:
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Graph Variational Auto-Encoders [4,5]

Decoder:

Adjacency Matrix Decoder:
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Graph Variational Auto-Encoders [4,5]

Decoder:

Adjacency Matrix Decoder:

Node Feature Decoder:
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Graph Variational Auto-Encoders [4,5]

Learning:
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Graph Variational Auto-Encoders [4,5]

Learning:

Are we done?
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Graph Variational Auto-Encoders [4,5]

Learning:

Are we done?

No! We hope ELBO is permutation invariant!
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Graph Variational Auto-Encoders [4,5]

How to approximately achieve permutation-invariant ELBO?

• Sample a few random permutations 
(e.g., importance sampling, special permutations from domain knowledge)
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How to approximately achieve permutation-invariant ELBO?

• Sample a few random permutations 
(e.g., importance sampling, special permutations from domain knowledge)
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Graph Variational Auto-Encoders [4,5]

More generalizations: 

• Hierarchical encoder and decoder [6]

• Normalizing Flow based prior [7]

Deep Generative Models of Graphs
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• Variational Auto-Encoders (VAEs) [1,2]

• Generative Adversarial Networks (GANs) [3]
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Deep Generative Models of Graphs

Generative Adversarial Networks (GANs) [3]

Image Credit: https://sthalles.github.io/intro-to-gans/

https://sthalles.github.io/intro-to-gans/


Deep Generative Models of Graphs

Generative Adversarial Networks (GANs) [3]

Learning:

Image Credit: https://sthalles.github.io/intro-to-gans/
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Generative Adversarial Networks (GANs) [3]

1. Fix generator, the optimal discriminator is
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Generative Adversarial Networks (GANs) [3]

1. Fix generator, the optimal discriminator is

Why?
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Generative Adversarial Networks (GANs) [3]

1. Fix generator, the optimal discriminator is

Why?
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Deep Generative Models of Graphs

Generative Adversarial Networks (GANs) [3]

1. Fix generator, the optimal discriminator is

Why?

Set the gradient of loss w.r.t. D to be zero
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Law Of The Unconscious 
Statistician (LOTUS)
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Generative Adversarial Networks (GANs) [3]
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Generative Adversarial Networks (GANs) [3]

2. The global minimum of                 is achieved iff. 

Why?
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Generative Adversarial Networks (GANs) [3]

2. The global minimum of                 is achieved iff. 

Why?

<latexit sha1_base64="FptQ9K0r6wdlsLcG+OtCa4upko0="></latexit>

C(G✓) = max
D�

`(G✓, D�)

= EX⇠pdata(X)

⇥
logD⇤

�(X)
⇤
+ EX⇠pG✓

(X)

⇥
log(1�D⇤

�(X))
⇤

= EX⇠pdata(X)


log

✓
pdata(X)

pdata(X) + pG✓ (X)

◆�
+ EX⇠pG✓

(X)


log

✓
pG✓ (X)

pdata(X) + pG✓ (X)

◆�

<latexit sha1_base64="PJfTEN4Fd68EOHPVvTNrPyr5ksI="></latexit>

pdata(X) = pG✓ (X)
<latexit sha1_base64="fz9q1bM4z+vb3u807eibc8LteYs="></latexit>

C(G✓)
<latexit sha1_base64="mVHfTcHlWdlDvTJ2jDqbQa/CFkA="></latexit>

C(G✓) = EX⇠pdata(X)


log

✓
pdata(X)

(pdata(X) + pG✓ (X))/2

◆�

+ EX⇠pG✓
(X)


log

✓
pG✓ (X)

(pdata(X) + pG✓ (X))/2

◆�
+ 2 log(

1

2
)

= JSD(pdata(X)kpG✓ (X))� log(4)



Deep Generative Models of Graphs

Generative Adversarial Networks (GANs) [3]

2. The global minimum of                 is achieved iff. 

Why?

Jensen–Shannon divergence is non-negative and is zero iff. P = Q
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Deep Generative Models of Graphs

Generative Adversarial Networks (GANs) [3]

Image Credit: https://sthalles.github.io/intro-to-gans/

Samples from generator during training on SVHNs (left) and MNIST (right)

https://sthalles.github.io/intro-to-gans/


Deep Generative Models of Graphs

MolGAN [8]

Image Credit: [8]
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MolGAN [8]

Image Credit: [8]
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X
<latexit sha1_base64="k8fMTYMpbcAk1m6rTYMegJsdMOM=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi1GXBjcsK9oFtKJPppB06mYSZG6GE/oUbF4q49W/c+TdO2iy09cDA4Zx7mXNPkEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2mt7nffeLaiFg94CzhfkTHSoSCUbTS4yCiOAnCrDcfVmtu3V2ArBOvIDUo0BpWvwajmKURV8gkNabvuQn6GdUomOTzyiA1PKFsSse8b6miETd+tkg8JxdWGZEw1vYpJAv190ZGI2NmUWAn84Rm1cvF/7x+iuGNnwmVpMgVW34UppJgTPLzyUhozlDOLKFMC5uVsAnVlKEtqWJL8FZPXiedq7rn1r3761qzUdRRhjM4h0vwoAFNuIMWtIGBgmd4hTfHOC/Ou/OxHC05xc4p/IHz+QPJSpDx</latexit><latexit sha1_base64="k8fMTYMpbcAk1m6rTYMegJsdMOM=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi1GXBjcsK9oFtKJPppB06mYSZG6GE/oUbF4q49W/c+TdO2iy09cDA4Zx7mXNPkEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2mt7nffeLaiFg94CzhfkTHSoSCUbTS4yCiOAnCrDcfVmtu3V2ArBOvIDUo0BpWvwajmKURV8gkNabvuQn6GdUomOTzyiA1PKFsSse8b6miETd+tkg8JxdWGZEw1vYpJAv190ZGI2NmUWAn84Rm1cvF/7x+iuGNnwmVpMgVW34UppJgTPLzyUhozlDOLKFMC5uVsAnVlKEtqWJL8FZPXiedq7rn1r3761qzUdRRhjM4h0vwoAFNuIMWtIGBgmd4hTfHOC/Ou/OxHC05xc4p/IHz+QPJSpDx</latexit><latexit sha1_base64="k8fMTYMpbcAk1m6rTYMegJsdMOM=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi1GXBjcsK9oFtKJPppB06mYSZG6GE/oUbF4q49W/c+TdO2iy09cDA4Zx7mXNPkEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2mt7nffeLaiFg94CzhfkTHSoSCUbTS4yCiOAnCrDcfVmtu3V2ArBOvIDUo0BpWvwajmKURV8gkNabvuQn6GdUomOTzyiA1PKFsSse8b6miETd+tkg8JxdWGZEw1vYpJAv190ZGI2NmUWAn84Rm1cvF/7x+iuGNnwmVpMgVW34UppJgTPLzyUhozlDOLKFMC5uVsAnVlKEtqWJL8FZPXiedq7rn1r3761qzUdRRhjM4h0vwoAFNuIMWtIGBgmd4hTfHOC/Ou/OxHC05xc4p/IHz+QPJSpDx</latexit><latexit sha1_base64="k8fMTYMpbcAk1m6rTYMegJsdMOM=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi1GXBjcsK9oFtKJPppB06mYSZG6GE/oUbF4q49W/c+TdO2iy09cDA4Zx7mXNPkEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2mt7nffeLaiFg94CzhfkTHSoSCUbTS4yCiOAnCrDcfVmtu3V2ArBOvIDUo0BpWvwajmKURV8gkNabvuQn6GdUomOTzyiA1PKFsSse8b6miETd+tkg8JxdWGZEw1vYpJAv190ZGI2NmUWAn84Rm1cvF/7x+iuGNnwmVpMgVW34UppJgTPLzyUhozlDOLKFMC5uVsAnVlKEtqWJL8FZPXiedq7rn1r3761qzUdRRhjM4h0vwoAFNuIMWtIGBgmd4hTfHOC/Ou/OxHC05xc4p/IHz+QPJSpDx</latexit> X̃

<latexit sha1_base64="h5fkkvOPNqe9NI7w0SLn2N2FVmc=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK4KokIdVlw47KCfUATymQyaYdOJmFmIpaQX3HjQhG3/og7/8ZJm4W2Hhg4nHMv98wJUs6Udpxva2Nza3tnt7ZX3z84PDq2Txp9lWSS0B5JeCKHAVaUM0F7mmlOh6mkOA44HQSz29IfPFKpWCIe9DylfowngkWMYG2ksd3wYqynQZR7mvGQ5sOiGNtNp+UsgNaJW5EmVOiO7S8vTEgWU6EJx0qNXCfVfo6lZoTTou5liqaYzPCEjgwVOKbKzxfZC3RhlBBFiTRPaLRQf2/kOFZqHgdmskyqVr1S/M8bZTq68XMm0kxTQZaHoowjnaCyCBQySYnmc0MwkcxkRWSKJSba1FU3JbirX14n/auW67Tc++tmp13VUYMzOIdLcKENHbiDLvSAwBM8wyu8WYX1Yr1bH8vRDavaOYU/sD5/ALyelNg=</latexit><latexit sha1_base64="h5fkkvOPNqe9NI7w0SLn2N2FVmc=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK4KokIdVlw47KCfUATymQyaYdOJmFmIpaQX3HjQhG3/og7/8ZJm4W2Hhg4nHMv98wJUs6Udpxva2Nza3tnt7ZX3z84PDq2Txp9lWSS0B5JeCKHAVaUM0F7mmlOh6mkOA44HQSz29IfPFKpWCIe9DylfowngkWMYG2ksd3wYqynQZR7mvGQ5sOiGNtNp+UsgNaJW5EmVOiO7S8vTEgWU6EJx0qNXCfVfo6lZoTTou5liqaYzPCEjgwVOKbKzxfZC3RhlBBFiTRPaLRQf2/kOFZqHgdmskyqVr1S/M8bZTq68XMm0kxTQZaHoowjnaCyCBQySYnmc0MwkcxkRWSKJSba1FU3JbirX14n/auW67Tc++tmp13VUYMzOIdLcKENHbiDLvSAwBM8wyu8WYX1Yr1bH8vRDavaOYU/sD5/ALyelNg=</latexit><latexit sha1_base64="h5fkkvOPNqe9NI7w0SLn2N2FVmc=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK4KokIdVlw47KCfUATymQyaYdOJmFmIpaQX3HjQhG3/og7/8ZJm4W2Hhg4nHMv98wJUs6Udpxva2Nza3tnt7ZX3z84PDq2Txp9lWSS0B5JeCKHAVaUM0F7mmlOh6mkOA44HQSz29IfPFKpWCIe9DylfowngkWMYG2ksd3wYqynQZR7mvGQ5sOiGNtNp+UsgNaJW5EmVOiO7S8vTEgWU6EJx0qNXCfVfo6lZoTTou5liqaYzPCEjgwVOKbKzxfZC3RhlBBFiTRPaLRQf2/kOFZqHgdmskyqVr1S/M8bZTq68XMm0kxTQZaHoowjnaCyCBQySYnmc0MwkcxkRWSKJSba1FU3JbirX14n/auW67Tc++tmp13VUYMzOIdLcKENHbiDLvSAwBM8wyu8WYX1Yr1bH8vRDavaOYU/sD5/ALyelNg=</latexit><latexit sha1_base64="h5fkkvOPNqe9NI7w0SLn2N2FVmc=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK4KokIdVlw47KCfUATymQyaYdOJmFmIpaQX3HjQhG3/og7/8ZJm4W2Hhg4nHMv98wJUs6Udpxva2Nza3tnt7ZX3z84PDq2Txp9lWSS0B5JeCKHAVaUM0F7mmlOh6mkOA44HQSz29IfPFKpWCIe9DylfowngkWMYG2ksd3wYqynQZR7mvGQ5sOiGNtNp+UsgNaJW5EmVOiO7S8vTEgWU6EJx0qNXCfVfo6lZoTTou5liqaYzPCEjgwVOKbKzxfZC3RhlBBFiTRPaLRQf2/kOFZqHgdmskyqVr1S/M8bZTq68XMm0kxTQZaHoowjnaCyCBQySYnmc0MwkcxkRWSKJSba1FU3JbirX14n/auW67Tc++tmp13VUYMzOIdLcKENHbiDLvSAwBM8wyu8WYX1Yr1bH8vRDavaOYU/sD5/ALyelNg=</latexit>

Ã
<latexit sha1_base64="IVJAEzjPjiXPvp4Oo4QNTUc/Kds=">AAAB+3icbVDLSsNAFL2pr1pftS7dDBbBVUlEqMuKG5cV7AOaUCaTSTt0MgkzE7GE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWeOn3CmtG1/W5WNza3tnepubW//4PCoftzoqziVhPZIzGM59LGinAna00xzOkwkxZHP6cCf3Rb+4JFKxWLxoOcJ9SI8ESxkBGsjjesNN8J66oeZqxkPaHaT5+N6027ZC6B14pSkCSW64/qXG8QkjajQhGOlRo6daC/DUjPCaV5zU0UTTGZ4QkeGChxR5WWL7Dk6N0qAwliaJzRaqL83MhwpNY98M1kkVateIf7njVIdXnsZE0mqqSDLQ2HKkY5RUQQKmKRE87khmEhmsiIyxRITbeqqmRKc1S+vk/5ly7Fbzv1Vs9Mu66jCKZzBBTjQhg7cQRd6QOAJnuEV3qzcerHerY/laMUqd07gD6zPH5mUlME=</latexit><latexit sha1_base64="IVJAEzjPjiXPvp4Oo4QNTUc/Kds=">AAAB+3icbVDLSsNAFL2pr1pftS7dDBbBVUlEqMuKG5cV7AOaUCaTSTt0MgkzE7GE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWeOn3CmtG1/W5WNza3tnepubW//4PCoftzoqziVhPZIzGM59LGinAna00xzOkwkxZHP6cCf3Rb+4JFKxWLxoOcJ9SI8ESxkBGsjjesNN8J66oeZqxkPaHaT5+N6027ZC6B14pSkCSW64/qXG8QkjajQhGOlRo6daC/DUjPCaV5zU0UTTGZ4QkeGChxR5WWL7Dk6N0qAwliaJzRaqL83MhwpNY98M1kkVateIf7njVIdXnsZE0mqqSDLQ2HKkY5RUQQKmKRE87khmEhmsiIyxRITbeqqmRKc1S+vk/5ly7Fbzv1Vs9Mu66jCKZzBBTjQhg7cQRd6QOAJnuEV3qzcerHerY/laMUqd07gD6zPH5mUlME=</latexit><latexit sha1_base64="IVJAEzjPjiXPvp4Oo4QNTUc/Kds=">AAAB+3icbVDLSsNAFL2pr1pftS7dDBbBVUlEqMuKG5cV7AOaUCaTSTt0MgkzE7GE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWeOn3CmtG1/W5WNza3tnepubW//4PCoftzoqziVhPZIzGM59LGinAna00xzOkwkxZHP6cCf3Rb+4JFKxWLxoOcJ9SI8ESxkBGsjjesNN8J66oeZqxkPaHaT5+N6027ZC6B14pSkCSW64/qXG8QkjajQhGOlRo6daC/DUjPCaV5zU0UTTGZ4QkeGChxR5WWL7Dk6N0qAwliaJzRaqL83MhwpNY98M1kkVateIf7njVIdXnsZE0mqqSDLQ2HKkY5RUQQKmKRE87khmEhmsiIyxRITbeqqmRKc1S+vk/5ly7Fbzv1Vs9Mu66jCKZzBBTjQhg7cQRd6QOAJnuEV3qzcerHerY/laMUqd07gD6zPH5mUlME=</latexit><latexit sha1_base64="IVJAEzjPjiXPvp4Oo4QNTUc/Kds=">AAAB+3icbVDLSsNAFL2pr1pftS7dDBbBVUlEqMuKG5cV7AOaUCaTSTt0MgkzE7GE/IobF4q49Ufc+TdO2iy09cDA4Zx7uWeOn3CmtG1/W5WNza3tnepubW//4PCoftzoqziVhPZIzGM59LGinAna00xzOkwkxZHP6cCf3Rb+4JFKxWLxoOcJ9SI8ESxkBGsjjesNN8J66oeZqxkPaHaT5+N6027ZC6B14pSkCSW64/qXG8QkjajQhGOlRo6daC/DUjPCaV5zU0UTTGZ4QkeGChxR5WWL7Dk6N0qAwliaJzRaqL83MhwpNY98M1kkVateIf7njVIdXnsZE0mqqSDLQ2HKkY5RUQQKmKRE87khmEhmsiIyxRITbeqqmRKc1S+vk/5ly7Fbzv1Vs9Mu66jCKZzBBTjQhg7cQRd6QOAJnuEV3qzcerHerY/laMUqd07gD6zPH5mUlME=</latexit>



Deep Generative Models of Graphs

MolGAN [8]

Learning objective

GAN:
<latexit sha1_base64="urGVMSWsZr3oWYcSciaAafuXFVk="></latexit>

min
✓

max
�

EX⇠pdata(X)[logD�(X)] + EZ⇠p(Z)[log(1�D�(G✓(Z))]



Deep Generative Models of Graphs

MolGAN [8]

Learning objective

GAN:

Wasserstein distance (using Kantorovich-Rubinstein duality)

Wasserstein-GAN [9]:

<latexit sha1_base64="urGVMSWsZr3oWYcSciaAafuXFVk="></latexit>

min
✓

max
�

EX⇠pdata(X)[logD�(X)] + EZ⇠p(Z)[log(1�D�(G✓(Z))]

<latexit sha1_base64="EmrBXRfl46xLOymhVwk7iWBToHk="></latexit>

min
✓

max
�

EX⇠pdata(X)[D�(X)]� EX⇠pG✓
(X)[D�(X)]

<latexit sha1_base64="8KLoN1Izbu/Eqlz9DnT3Ybhj6Dg="></latexit>

D(pkq) = sup
kfkLK

EX⇠p[f(X)]� EX⇠q[f(X)]
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