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Course Scope

* Brief Intro to Deep Learning

* Geometric Deep Learning

Deep Learning Models for Sets and Sequences: Deep Sets & Transformers

Deep Learning Models for Graphs: Graph Convolution & Message Passing GNNs
Expressiveness & Generalizations of GNNs

* Unsupervised/Self-supervised Graph Representation Learning

* Probabilistic Deep Learning

* Deep Generative Models:
Auto-regressive models, GANs, VAEs, Diffusion/Score based models
* Discrete/Hybrid Latent Variable Models: RBMs, Latent Graph Models

e Stochastic Gradient Estimation
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Discrete Latent Variable Models

Bipartite graph structure implies conditional independence:

Why?

Intuition:

* Observed visible units block the paths among hidden units
* Change of one hidden unit would not affect others

Formally:

Eg(x,h)=—a'x —b ' h—a' Wh

p(x|lh = iz) X exp (—Eg(ac, h = ﬁ)) X exp (—&Tﬂc) = || exp(—a;x;)
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Discrete Latent Variable Models

Inference: Computing Marginals p(h) & Maximum A Posterior (MAP) arg max p(h|x)
h

Due to conditional independence, inference is tractable!

Learning: Maximum Likelihood

max  logpy(z) = log/pe(ﬂfah)dh

— log/exp log pg(z, h)dh

= log/exp (—Eq(z, h) — log(Z) dh

Intractable! Why? 4 = / / exp (—Fg(x, h)) dxdh



Stochastic Approximated Gradient

Learning: Maximum Likelihood

B /8% exp(—EQ(x,h))dh
po () 00
y (= 2255") exp (~Eolan)) Z = G exp (~Eglanh)
~ po(w) Z?




Stochastic Approximated Gradient

Learning: Maximum Likelihood

(_ aE%(;c,h)) exp (—Eg(x,h)) Z — 3% exp (—Eg(z, b))

Ologpe(x) 1 N
90 po(z) 72
B pgix) / (_8E08(gjh))pe(:v,h)dh— petﬂﬁ) /%g—?pe(a:,h)dh
_ / <—8E9§g’h))p9<h\x>dh—/%g—?pe(hmdh
-/ (— e h)) po(hfz)dh — 27
= / <— 8E9§g,h)> po(h|z)dh — %affexp(—gg(x,h))dxdh
- / (_aEegg’m)p@(h\x)dh— // (—8E9§g7h)>p9(x,h)d:cdh
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Learning: Maximum Likelihood

310%2;0(@ _ /( 8E9($ h))pe hlx)dh — //( 8E0 (z,1) )pg(az,h)dmdh

8E9 (CL‘, h) 6Eg (:U, h)
= Epg (h]a) 90 | Epo () 00

Recall we sample multiple training data and maximize the summed log likelihood of them,
which in expectation amounts to:

mein KL (pdata(x)HpQ (33)) — /pdata(x) lngdata(CU)d[E - /pdata(x) 10gp0 (CIZ)dCE

= ~Hpyoea(z) T CrossEntropy(pgata(x), pe(z))

m@in CrossEntropy(pgata (), pe(z)) < m@ax/pdata(a:)logpg(:v)dx

Maximum Likelihood
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Learning: Maximum Likelihood

310%2;9(@ :/( 8E9 (,h) )p@ h|z)dh — //( 8E0 (@) )pe x, h)dzdh
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Since we care about meax / Pdata () log pe(x)dx



Stochastic Approximated Gradient

Learning: Maximum Likelihood

810%2;9(56) :/< (9E9(a? h) )pe h|z)dh — //( 8E9 (@, h) )pg x, h)dzdh

8E9<£L' h) 6E6([E h)
= Bpothla) | =55 | T Eretha) | T 50

Since we care about meax / Pdata () log pe(x)dx

we have the gradient

0 log pe () OFq(x, h) OEy(x, h)
/pdata(w) 90 dr = Epe(h|x)pdata(a:) - BT — Epg(h,sc) _ o




Stochastic Approximated Gradient

Learning: Maximum Likelihood

Stochastic Approximated Gradient

0 log po (-T) OF)y (:U7 h) OE, (37, h)
/pdata(f) dr = ]Epe(h|x)pdata(as) — — Epe(h,w) _

00 00 00

Monte Carlo Estimation!



Stochastic Approximated Gradient

Learning: Maximum Likelihood

Stochastic Approximated Gradient

0 log pg (-T) 0Fy (:U7 h) OE, (.T, h)
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Learning: Maximum Likelihood

Stochastic Approximated Gradient
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Stochastic Approximated Gradient

Learning: Maximum Likelihood

Stochastic Approximated Gradient

0log pe(z) OEp(x, h) DEy(x. 1)
/pdata(of) 90 dr = ]Epe(h|x)pdata(:c) - By — ]Epe(h,x) _ 5

Monte Carlo Estimation!
Positive Gradient: sample from the data distribution po(h|T)pdata(T)
Negative Gradient: sample from the model distribution D¢ (h,x)

If we use finite-step Gibbs sampler, this method is called Contrastive Divergence (CD) [3]!
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Discrete Latent Variable Models

What if we stack multiple RBMs?

Deep RBMs [4]

We could still use CD to learn

* But inference becomes intractable!

How to deal with the general case that hidden units (latent
variables) are dependent?

(Amortized/Neural) Variation Inference!




Discrete Latent Variable Models

Given data X € R , Maximum Likelihood is:

max  log pg(X)

We introduce latent variable Z€{0,1}"" or Z € R™

Po( Intractable Integration!

po(X|Z)pe(Z

—



Variational Inference

Variational Approximation
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Variational Inference

Variational Approximation

Integrating from both sides:

log pe(X) =

qs(Z|X) log (Z(Z[X)> dZ + /qqs(Z\X) log (Zzg\@) dZ
|

) KL (0(Z1X) [po(Z1X))



Variational Inference

Variational Approximation

Integrating from both sides:

log po(X) = /q¢(Z|X) log po(X)dZ
_ pe(X, Z) q4(Z]1X)
= [ aszes (i ez )
- Jaszis (G ) o7+ finons (3 ) o2

B po(X, Z)
~Eu og (22 2) | 4+ KL (4021 (21

\
| |

Evidence Lower Bound (ELBO)  Kullback-Leibler Divergence



Variational Inference

Since true posterior Po(Z|X) is often unknown, KL term is intractable

ELBO:
E,,(z|x) [log (Z;Z(()Z(";D] =Eq,(z1x) [10g (%(5;’(21;)(2))]

= Eq,(z1x) log (pa(X|2))] + Eq, (z|x) llog (qf(eéyz))()”

= —Eg,(21x) [~ 10g (pe(X]2))] — KL (¢5(Z]X)|[pe(2))

\ J \ J
| |

Reconstruction Error/Loss Regularizer



Variational Inference

Since true posterior Po(Z|X) is often unknown, KL term is intractable

ELBO:
E,,(z|x) [log (Z;Z(()Z(";D] =Eq,(z1x) [10g (%(5;’(21;)(2))]

= Eq,(z1x) log (pa(X|2))] + Eq, (z|x) llog (qf(eéyz))()”

= —Eg,(21x) [~ 10g (pe(X]2))] — KL (¢5(Z]X)|[pe(2))

Ve N | 1 J \ Y J

¢---t Rl 0 Reconstruction Error/Loss Regularizer

/ Encoder:  ¢4(Z|X)
@ Decoder: Po (X ‘ Z )
N

N y, Prior: Do (Z )




Variational Inference

Since true posterior Po(Z|X) is often unknown, KL term is intractable

ELBO:

B o (20| 1y [ (L0020

=Eq,(z1x) [log (pe(X|2))] + Eq, (2 x) [log (%)]

= —Eg,(21x) [~ 10g (pe(X]2))] — KL (¢5(Z]X)|[pe(2))

L J L J
Y ||

Reconstruction Error/Loss Regularizer
Encoder:  ¢4(Z|X) Encoder is local, 1.e., for each X
Decoder:  Po(X|Z) there is a separate set of ¢

Prior: Po (Z )



Amortized/Neural Variational Inference

Since true posterior Po(Z|X) is often unknown, KL term is intractable

ELBO:
E,,(z|x) [log (2:)(()2([;;)] =Eq,(z1x) [10g (%(;jé)&)(@)]

= By, (z1x) [l0g (06 (X|2))] + Eq, (21x) llog ( i )]

gy (Z|X)
= —Eq,(z/x) = log (pe(X|Z))] — KL (q4(Z|X)|lpe(Z))
Ve ~N L 1 J L Y J
- --+ <+ 0 Reconstruction Error/Loss Regularizer
I\\ / Encoder: ng(Z | .X) Encoder is global, i.e., for each X
@ Decoder: ~ Po(X|Z) there is a shared set of gb [10]
N N ) Prior: pe(Z)




Amortized/Neural Variational Inference

Encoder is global, i.e., for each X, there is a shared set of ¢

Examples:

If Z is continuous, Q¢(Z|X) — N(Z|M702]>
1 = EncoderNetwork (X))

log 0* = EncoderNetwork,(X)



Amortized/Neural Variational Inference

Encoder is global, i.e., for each X, there is a shared set of ¢

Examples:
If Z is continuous, Q¢(Z|X) — N(Z|M7021)
1 = EncoderNetwork (X))
log 0* = EncoderNetwork,(X)
If Z is binary, 95(Z|X) = H Bernoulli(Z;|n;)

n = EncoderNetwork(X)
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Learning 1n Neural/Amortized Variational Inference

Negative ELBO:  £(6,0) = By, z1x) [~ log (o(X12)] + KL (45(Z]X) lpo(2))
~ov Y log(n(X120) + KL (as(Z1X) (2)
Zimin(71X)



Learning 1n Neural/Amortized Variational Inference

Negative ELBO:  £(6,0) = Eq, (z/x) [~ log (po(X|2))] + KL (g4(ZX)llpo(2))

~ _% Z log (pe(X|Z;)) + KL (g4 (Z]|X)||pe(Z))

Zir~qe(Z|X)

Gradient of Decoder (assuming prior is not learnable for simplicity) [5]:

(%gg,@) _E, (M)[ alog@gee(m))]
1~ Olog(pe(X|Zy)
~ N 2 o0



Learning 1n Neural/Amortized Variational Inference

Negative ELBO:  L(9,0) = Eq, (z|x) |~ log (po(X]2))] + KL (¢4 (2] X)[pe(2))

Gradient of Encoder [5]‘
—— [ 2 E oo x12)az — [ P o pa(2)a2
/ Z|X log g, Z|X)dZ+/8q¢(ai|X)dZ
/ Z’X log pa (X, Z)dZ+/aq¢((§b|X) log q4(Z|X)dZ + (%/%(ZIX)CZZ
- [ 2t Z'X (log po (X, Z) — log 4,(Z|X)) dZ



Learning 1n Neural/Amortized Variational Inference

Negative ELBO:  L(9,0) = Eq, (z|x) |~ log (po(X]2))] + KL (¢4 (2] X)[pe(2))

Gradient of Encoder [5]‘
/ olZ 'X log po (X |Z)dZ / aq¢gi‘X) log py(Z)dZ
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Log Derivative Trick



Learning 1n Neural/Amortized Variational Inference

Negative ELBO:  L(9,0) = Eq, (z|x) |~ log (po(X]2))] + KL (¢4 (2] X)[pe(2))

Gradient of Encoder [5]‘
/ Z|X log po(X|Z)dZ /aq¢éi‘X) log po(Z)dZ
/ Z|X log g, Z|X)dZ+/6q¢’(ai|X)dZ
/ ZyX log pa (X, Z)dZ+/aq¢éi|X) logqqs(Z‘X)dZJr%/%(mX)dZ
%?X) = q¢(ZX)[alogq¢ Z|X} / Z|X (logpo(X, Z) —log qy(Z|X)) dZ

Log Derivative Trick

Score Function



Learning 1n Neural/Amortized Variational Inference

Negative ELBO:  £(6,6) = E,, z1x) [~ log (po(X|2))] + KL (45 (Z|X) [ps(2))

Gradient of Encoder [5]:
0L($,0) [ 0qy(Z|X) [ 9g4(Z]1X)
b = / 5 log po(X|Z)dZ / 99 log pg(Z)dZ
+/8q¢(8i\X) logQ¢(Z|X)dZ+/aq¢é?X)dZ
dqs(Z|X dqs(Z|X 0
—— [ 2P togpo(x, 210z + [P oggu(2x)0z + o [ au(21x002
a%((js'X) = (wa)alog?qEZ'X) :_/ a%(a?X) (log po (X, Z) —log q4(Z|X)) dZ
1
—— [tz P 10y o x, 2) - 108 44(210)) a2

0l Z1X
:_E%(ZX)[ qug; | )(logpe(X,Z)—logQ¢>(Z|X))]

N
N 1 0log gy (Z;| X)
NN E 6 (logpe(X, Z;) — log qs(Z;| X))

1=1




Learning 1n Neural/Amortized Variational Inference

Negative ELBO:  £(6,6) = E,, z1x) [~ log (po(X|2))] + KL (45 (Z|X) [ps(2))

Gradient of Encoder [5] (Score-based Estimator or REINFORCE [7]):

OL(b,0 1 < 9l Z;|1 X
(9,0) -~ Z 08 49 (Zi] )(1ng9(X,Z7;)—logng(ZilX))

99 - 99



Learning 1n Neural/Amortized Variational Inference

Negative ELBO:  £(6,6) = E,, z1x) [~ log (po(X|2))] + KL (45 (Z|X) [ps(2))

Gradient of Encoder [5] (Score-based Estimator or REINFORCE [7]):

0L(¢,0) 1 i 010g 44(Z:| X)
o —~ N O¢

(logpo (X, Z;) — log q4(Z:]| X))

REINFORCE in Reinforcement Learning:

Af oc Ep,, (a)s) 7 (a,s)Vglogpe(als)]



Learning 1n Neural/Amortized Variational Inference

Negative ELBO:  £(6,6) = E,, z1x) [~ log (po(X|2))] + KL (45 (Z|X) [ps(2))

Gradient of Encoder [5] (Score-based Estimator or REINFORCE [7]):

0L(¢,0) 1 i 010g g4 (Zi] X)
o —~ N O¢

(logpo (X, Z;) — log q4(Z:]| X))

REINFORCE in Reinforcement Learning:

Al o Epp(als) Ir(a, s)Vg log|pg(a|s)_

Reward Policy




Learning 1n Neural/Amortized Variational Inference

Negative ELBO:  £(6,6) = E,, z1x) [~ log (po(X|2))] + KL (45 (Z|X) [ps(2))

Gradient of Encoder [5] (Score-based Estimator or REINFORCE [7]):

0L(¢, 0 1 o~ dlogfes(Zi| X
éi )%_N z; qugq(b | )(10gp9(X,Zq;)—logq¢(Zi|X))

1=
Zi~qy (Z]|X)

Policy Reward

REINFORCE in Reinforcement Learning:

Al o Epp(als) Ir(a, s)Vg log|p@(a|s)_

Reward Policy




Learning 1n Neural/Amortized Variational Inference

Negative ELBO:  £(6,6) = E,, z1x) [~ log (po(X|2))] + KL (45 (Z|X) [ps(2))

Gradient of Encoder [5] (Score-based Estimator or REINFORCE [7]):

AL (¢, 6) 1 0loggs(Zi|X)
N ; 0

(logpo (X, Z;) — log q4(Z:]| X))

* This estimator works for both discrete and continuous latent variables!

* But it may come with high variances!



Learning 1n Neural/Amortized Variational Inference

Negative ELBO:  £(6,6) = E,, z1x) [~ log (po(X|2))] + KL (45 (Z|X) [ps(2))

Gradient of Encoder [5] (Score-based Estimator or REINFORCE [7]):

DL (¢, 0) 1 0loggs(Zi|X)
-~ Z ¢

2 99 (log po (X, Z;) — log q4(Z;| X))

* This estimator works for both discrete and continuous latent variables!

* But it may come with high variances!

How to reduce variances?
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There are many variance reduction methods, e.g., see [13]:
» Antithetics
 Stratification
 Common Random Numbers
* Rao-Blackwellization

e Control Variate



Control Variate

Suppose we want to compute

Monte Carlo estimator is

p=E,x) [f(X)]



Control Variate

Suppose we want to compute

Monte Carlo estimator is

Suppose we know

Monte Carlo estimator is



Control Variate

N
1
We can construct a difference estimator:  [iqig = N Z (f(X;) —h(X;))+6
i=1,X;~p(X)

—i—0+6



Control Variate

We can construct a difference estimator:  [iqig =

It is unbiased since Epx) [idig] = Epxy [2] —



Control Variate

We can construct a difference estimator:

It is unbiased since Epx) [idig] = Epxy [2] —

Its variance: Var

—9+ﬂ

_ g}

1 al 1 al
o izl,)g;p(X) T N i=1,)§p(X)



Control Variate

N
1
We can construct a difference estimator:  [iqig = N Z (f(X;)—h(X;))+ 0

It is unbiased since  Epx) [Aair] = Epx) [2] — Epcx) 0]+ 6 =

[ts variance: Var [fiqig] = Var [ﬂ — 0+ 9}
= Var [,& — é}
1 al 1
= Var N Z f(X’L) - N
Z:1,X1Np(X)
| N
=32 > Var[f(X;) - h(X;)]

Control Variate, a.k.a. baseline in RL = iVar f(X) —|h(X)




Control Variate

We introduce regression estimator: fig =

> (f(Xi) - BA(X5)) + B9

i=1,X;~p(X)
— 0 — B0+ 86

Zz| =



Control Variate

N
We introduce regression estimator: fig = 1 Z (F(X;) — Bh(X;)) + 56
N i=1,X;~p(X)
= 1 — B0+ B0

It is unbiased E,x) i8] = Epx) (1] — BEp(X)[é] + 50 =



Control Variate

N
We introduce regression estimator: fig = 1 Z (f(X;) — Bh(X;)) + B6
N ’L:l,Xsz(X)
= i — B0 + B
It is unbiased E,x) i8] = Epx) (1] — BEp(X)[é] + 50 =
If pB=0 we have the original Monte Carlo estimator

If =1 we have the difference estimator



Control Variate

N
We introduce regression estimator: fig = 1 Z (F(X;) — Bh(X;)) + 56
N i=1,X;~p(X)
= ji— B0+ 50
[ts variance is Var [fig] = Var {ﬂ — 5@]

1
= L Var[7(X) - Bh(X)
_ % (Var [£(X)] — 26Cov [£(X), h(X)] + 2Var [h(X)))



Control Variate

| o N
We introduce regression estimator: fipg = N | Z ( f( Xq;) — Bh( Xz)) + 30
1=1,X,;~p(X)
— 0 — B0+ 86
[ts variance is Var [fig] = Var {ﬂ — 5@]
= o Var [£(X) ~ Bh(X)
= (Var[F(X)] — 26Cov [£(X), A(X)] + 5*Var [1(X))

Taking the gradient w.r.t. 5 and set it to zero, we have

_ Cov [£(X), h(X)]

b Var [h(X)]




Control Variate

N

We introduce regression estimator: fig = 1 Z (F(X;) — Bh(X;)) + 56
N i=1,X;~p(X)
= ji— B0+ 59

Cov [f(X), (X))

Given (" = , the optimal variance is

Var [h(X)]
Var [fip+] = % (Var [f(X)] —28*Cov [f(X), h(X)] + B**Var [h(X )])
1 Cov [f(X), h(X)]"
N (Va" e N 100) )
Var [f(X)] Cov [f(X), h(X)]’

o N (1 ~ Var [f(X)] Var [h(X)])




Control Variate

N

We introduce regression estimator: fig = 1 Z (F(X;) — Bh(X;)) + 56
N i=1,X;~p(X)
= ji— B0+ 59

Cov [f(X), (X))

Given  f" = —= 7(X)]

, the optimal variance is

Var [fig-] = (Var [£(X)] = 28*Cov [£(X), h(X)] + B> Var [h(X)])

(v - e

2= =2[=

Var[f(X)] [ __Cov[f(X), h(X)]"
Var [f(X)] Var [h(X)]

If control variate 1s more correlated with the function, the more variance we can reduce!
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Control Variate in Variational Inference

Negative ELBO:  £(6,6) = E,, z1x) [~ log (po(X|2))] + KL (45 (Z|X) [ps(2))

Gradient of Encoder [5]:
o0L(p,0 Ologqs(Z|X
0 By |2 (log (X, 2) — o s(21)
Denote ls(X,Z) =logpe(X, Z;) —logqs(Zi| X)
0L(¢,0) 0log g4(Z|X)

We have

96 —Eq,z1x) [ 96 ly(X, Z)
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Gradient of Encoder [5]:

0L(¢,0) _ o 0log g4(Z|X)
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Control Variate in Variational Inference

Negative ELBO:  £(6,6) = E,, z1x) [~ log (po(X|2))] + KL (45 (Z|X) [ps(2))

Gradient of Encoder [5]:
aﬁgﬁ; ) _ g, (21x) [a 8 qg;mX) lo (X, Z)]
For any c that does not depend on Z, we have
Eq,(z1x) [c‘ﬂog ?;Z\X)C] = By, z1x) lalog ?;Z]X)]

1
= c/%(Z!X)a ogcgbqu\X) Az

:C/ 044(Z|X) ,,,

ol
= ﬁ (Z|X)dZ
— 08¢ do
= c@ =0

0p



Control Variate in Variational Inference
Negative ELBO:  £(,0) = By, zx) [~ log (ps(X|2))] + KL (q4(Z| X)|ps(2))
Gradient of Encoder [5]:

0L(6,0) ., dlog 4s(Z|X)
96— Paz1x) 9o

(£s(X,Z) = ¢)

Recall control variate estimator

N
. 1
jan = D0 (O~ h(X0) 40
1=1,X,;,~p(X)

—0—0+6



Control Variate in Variational Inference
Negative ELBO:  £(,0) = By, zx) [~ log (ps(X|2))] + KL (q4(Z| X)|ps(2))
Gradient of Encoder [5]:

0L(6,0) ., dlog 4s(Z|X)
96— Paz1x) 9o

(£s(X,Z) = ¢)

Recall control variate estimator

jar = > (f(X) —h(X)+0

Zzl,X,LNp(X)

—0—0+6

C@logq¢(Z]X)

99 and 0 =0

In our case, h(X) =




Control Variate in Variational Inference

Negative ELBO:  £(6,6) = E,, z1x) [~ log (po(X|2))] + KL (45 (Z|X) [ps(2))

Gradient of Encoder [5]:
dL(5,0) dlog g4(Z|X)
5’¢ = _Eq¢(Z|X) [ 8¢ (fqb(X,Z)—C)
Recall control variate estimator
| N
o= (P~ h(X0) 46
i=1,X;~p(X)

—0—0+6

In our case, h(X) = C@ log 44(Z]X) and 0 =0 How to choose ¢ to increase correlation?

09
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Since one source of stochasticity comes from X, making ¢ depend on X could help improve correlation
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Since one source of stochasticity comes from X, making ¢ depend on X could help improve correlation

In [5], a neural net C,(X') is used and learned to minimize the following objective:
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Control Variate in Variational Inference
Negative ELBO:  £(,0) = By, zx) [~ log (ps(X|2))] + KL (q4(Z| X)|ps(2))
Gradient of Encoder [5]:

0L(6,0) ., dlog 4s(Z|X)
90 2(2]X) 9o

(£s(X,Z) = ¢)

Since one source of stochasticity comes from X, making ¢ depend on X could help improve correlation

In [5], a neural net C,(X') is used and learned to minimize the following objective:

min - By, z1x) [(6o(X, Z) = Oy (X) = ¢)’]

There are follow-up papers on learning baselines to reduce variances [14,15]
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Reparameterization Trick

Negative ELBO:  £(6,6) = E,, z1x) [~ log (po(X|2))] + KL (45 (Z|X) [ps(2))

Gradient of Encoder [5]:
o0L(p,0 Ologqs(Z|X
P By | T (tog (X, 2) — Lo as(21X))

If Z is continuous, reparameterization trick is potentially another way to estimate the gradient!

For example, let us assume

46(Z|1X) = N(Z|p, 0"
p = EncoderNetwork, (X)
log 0 = EncoderNetwork (X))



Reparameterization Trick

For any function f, we have

1| Z—nu

En(zip,021) f(Z)] = / WH - exp(—§ -

1 |\p+oe—p 2

- [ e [ )1+ aehd s+ 0
-/ le)m exp(— lel) (1 + oe)de

= En(efo.n) [f (1 + o€)] Change of Variable




Reparameterization Trick

For any function f, we have

1| Z—p

En(zip,021) f(Z)] = / WH - exp(—§ -

1 |\p+oe—p 2

_ / ﬁn azexp“i i H )£+ 06 (1 + 0

\/— ——H 1) f (1 + oe)de

= En(efo.n) [f (1 + o€)] Change of Variable

Therefore,  L(¢,0) = Eq, (z|x) [ log (pa(X|2))] + KL (¢4(Z]X)|[pe(2))
lo

= En(efo,ry [ 108 (po (X |1 (X) + 04(X)e€))] + KL (¢4 (2] X)[po(2))
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Reparameterization Trick

In original VAE, 46(Z|X) = N(Z|pg(X),04(X)?I)
po(Z) = N(X][0,1)

Using Gaussian integrals, we have

m

1 1 m

KL (g9(Z1X) [po(2)) = 5 (16 (X) " p0(X) + 05(X) T06(X)) = 5 3 loga = 5

where Jq;(X) = [01,027 T 70m]T



Reparameterization Trick

Therefore, in original VAE, we have

L($,0) = Enejo,r) [—10g (po(X|pg(X) + 04(X)e))]

1

+t3 (1o (X) T 116 (X) + 09(X) T 09(X)) — %Zlogﬂf — %



Reparameterization Trick

Therefore, in original VAE, we have

L(9,0) = Enr(ejo,r) [—10g (po (X[ (X) + 04(X)e))]
1

45 (1) Ta(X) + 76(X)To6(X)) = 3 3 logo? = 2

We only need reparameterization trick and Monte Carlo estimation in the first term

N

L(p,0) ~ — > log (po (X |pe(X) + 0(X)e€i))
i=1,e;~N(€|0,1)

1

t3 (1o (X) " 11g (X) + 09(X) "0 (X)) — %Zlogff? — %



Reparameterization Trick

Therefore, in original VAE, we have

L(9,0) = Enr(ejo,r) [—10g (po (X[ (X) + 04(X)e))]
1

45 (1) Ta(X) + 76(X)To6(X)) = 3 3 logo? = 2

We only need reparameterization trick and Monte Carlo estimation in the first term

N
L(p,0) ~ — > log (po (X |pe(X) + 0(X)e€i))
i=1,e;~N(€|0,1)
1 T - 1 5 M
+ 5 (16 (X) " 11g(X) + 04(X) 7p(X)) — 5 > loga; — B
1=1

Now we can get the gradient directly!
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Reparameterization Trick

For continuous distributions other than Gaussian, can we still use reparameterization trick?

Tractable inverse cumulative distribution function (CDF) [6]

e.g., Exponential, Cauchy, Gumbel, Erlang, ...

Location-scale family [6]

e.g., Laplace, Elliptical, Students t, ...

Composition [6]

e.g., Log-Normal, Beta, Chi-Squared, ...

Implicit differentiation [16]

e.g., Dirichlet, Von-Mises, Mixture, ...



Reparameterization Trick vs. REINFORCE

Let us simplify the context to better compare them

Suppose we want to optimize L(¢p) = Ep,x) [f(X)] where pe(X) = N(X|o, 1)
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Let us simplify the context to better compare them

Suppose we want to optimize L(¢p) = Ep,x) [f(X)] where pe(X) = N(X|o, 1)

oL 01 X
REINFORCE gradient estimator: 8—qb = ]Ep¢(X) [ Og(;?;)( )f (X )]

= Enx1o,0) (X — @) f(X))]

oL

Reparameterization gradient estimator: 7 = Enx(ejo,n [

09

Of(¢+ e)]
¢



Reparameterization Trick vs. REINFORCE

Let us simplify the context to better compare them

Suppose we want to optimize L(¢p) = Ep,x) [f(X)] where pe(X) = N(X|o, 1)

oL 01 X
REINFORCE gradient estimator: 8—qb = ]Ep¢(X) [ Og(;?;)( )f (X )]

= Enx1o,0) (X — @) f(X))]

oL [8f(¢+e)]

Reparameterization gradient estimator: — =K
Ao N (€]0,1) O

They are the same in expectation (unbiased)! Why?



Reparameterization Trick vs. REINFORCE

REINFORCE gradient estimator:

Reparameterization gradient estimator:

oL 01 X

8—gb :Ep¢(X) [ Og;g( )f(X)]
= Enxig,n) (X = 0) f(X)]

oL 0 €

90 = En(ejo,1) [ f(éb;r )]

. 2100)]
— BN (X|¢,1) OX



Reparameterization Trick vs. REINFORCE

oL dlo X
REINFORCE gradient estimator: - =K, 5 (X) g P (X) f(X)
¢ O
= En(x1p,0) (X — ¢) f(X)]
Reparameterization gradient estimator: g_i = Epr(efo.n) laf (;i;_ e)]

. 2100)]
— BN (X|¢,1) D¢

We have 9X = 8X]Ep¢(X) Lf(X)] = Eaixp¢(x) f(X)] + Hz’p¢>(X) [



Reparameterization Trick vs. REINFORCE

oL 0l X
REINFORCE gradient estimator: 7 = By (x) 08 Do )f (X)
O O
= Enx1,0) (X = ¢) f(X))]
Reparameterization gradient estimator: g—g = Enr(ejo,n) laf (ggj 6)]
. 2f (X)
N(X|¢,I) 00X
oL _ 9 0f(X)
Wehmve 5= 5 B0 FOO1 = E 00 [F0] 4 By | 55| =0
of(X) dlog py (X
Hence Ep,(x) la—X] = —E,, (x) [ 8)?< )f(X)]

= En(xo,0) [(X — &) f(X)]
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Reparameterization Trick vs. REINFORCE

Let us simplify the context to better compare them

Suppose we want to optimize L(¢p) = Ep,x) [f(X)] where pe(X) = N(X|o, 1)

oL 01 X
REINFORCE gradient estimator: 8—gb = ]Ep¢(X) [ Og(;?;s( )f (X )]

= En(xig,0) (X = o)f (X)

Reparameterization gradient estimator: (9_£ = Eu (e|0.1) 0f (¢ + Eﬂ]
20 O J
They are the same in expectation! Gradient of reward function is leveraged!

Reparameterization is often found to have lower variance than REINFORCE empirically



Yet Another “Gradient Estimator”

Wake-Sleep Algorithm [9]

Wake Phase: Update Decoder as before

0L(9.0) _ _310g(p9(X\Z))]N_1 Ol (m(X|2))
o9 1N a0 ~ 2 a0



Yet Another “Gradient Estimator”

Wake-Sleep Algorithm [9]

Wake Phase: Update Decoder as before

0L(9.0) _ Olog (po(X]2))] . 1~  Olog(po(X|Zy)
o e 00 N o6
1=1
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Sleep Phase: Update “Encoder Gradient” as
0L(9.0) _ o 0log g4 (Z|X)
8¢ p@(sz) a¢
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Pros: easier to implement

Cons: sleep phase does not necessarily maximize ELBO



Yet Another “Gradient Estimator”

Wake-Sleep Algorithm [9]

Wake Phase: Update Decoder as before

0L(9.0) _ Olog (po(X]2))] . 1~  Olog(po(X|Zy)
o e 00 N o6
1=1
Zi~qe(Z4]X)
Sleep Phase: Update “Encoder Gradient” as
0L(9.0) _ o 0log g4 (Z|X)
8¢ pO(XaZ) a¢

Pros: easier to implement

Cons: sleep phase does not necessarily maximize ELBO

OL(,0 o1 Z|X
f;i )Z—Eq¢<2|x>[ Og% | )(logpe(X,Z)—logqqs(Z!X))

True Gradient of ELBO
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