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Course Scope

• Brief Intro to Deep Learning

• Geometric Deep Learning

• Deep Learning Models for Sets and Sequences: Deep Sets & Transformers
• Deep Learning Models for Graphs: Graph Convolution & Message Passing GNNs
• Expressiveness & Generalizations of GNNs
• Unsupervised/Self-supervised Graph Representation Learning

• Probabilistic Deep Learning

• Deep Generative Models:
Auto-regressive models, GANs, VAEs, Diffusion/Score based models

• Discrete/Hybrid Latent Variable Models: RBMs, Latent Graph Models
• Stochastic Gradient Estimation
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Bipartite graph structure implies conditional independence: 

Why?
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Intuition: 

• Observed visible units block the paths among hidden units

• Change of one hidden unit would not affect others
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Discrete Latent Variable Models

Intuition: 

• Observed visible units block the paths among hidden units

• Change of one hidden unit would not affect others

Formally:

Bipartite graph structure implies conditional independence: 

Why?
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Discrete Latent Variable Models
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Discrete Latent Variable Models

Inference: Computing Marginals           & Maximum A Posterior (MAP) 

Due to conditional independence, inference is tractable!

Learning: Maximum Likelihood 
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Intractable! Why?
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Inference: Computing Marginals           & Maximum A Posterior (MAP) 

Due to conditional independence, inference is tractable!
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Stochastic Approximated Gradient

Learning: Maximum Likelihood 
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Stochastic Approximated Gradient

Learning: Maximum Likelihood 
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Stochastic Approximated Gradient

Learning: Maximum Likelihood
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Stochastic Approximated Gradient

Learning: Maximum Likelihood 

Recall we sample multiple training data and maximize the summed log likelihood of them, 
which in expectation amounts to:

<latexit sha1_base64="ZyAUofxLHESkR1B/YO7eaiFlaQM="></latexit>

@ log p✓(x)

@✓
=

Z ✓
�@E✓(x, h)

@✓

◆
p✓(h|x)dh�

Z Z ✓
�@E✓(x, h)

@✓

◆
p✓(x, h)dxdh

= Ep✓(h|x)


�@E✓(x, h)

@✓

�
� Ep✓(h,x)


�@E✓(x, h)

@✓

�



Stochastic Approximated Gradient

Learning: Maximum Likelihood 

Recall we sample multiple training data and maximize the summed log likelihood of them, 
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Learning: Maximum Likelihood 

Recall we sample multiple training data and maximize the summed log likelihood of them, 
which in expectation amounts to:
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Stochastic Approximated Gradient

Learning: Maximum Likelihood 

Since we care about
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Stochastic Approximated Gradient

Learning: Maximum Likelihood 

Since we care about

we have the gradient
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Stochastic Approximated Gradient

Learning: Maximum Likelihood 

Stochastic Approximated Gradient
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Stochastic Approximated Gradient

Learning: Maximum Likelihood 

Stochastic Approximated Gradient
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Positive Gradient: sample from the data distribution
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Stochastic Approximated Gradient

Learning: Maximum Likelihood 

Stochastic Approximated Gradient
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Monte Carlo Estimation!

Positive Gradient: sample from the data distribution

Negative Gradient: sample from the model distribution
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Stochastic Approximated Gradient

Learning: Maximum Likelihood 

Stochastic Approximated Gradient
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Monte Carlo Estimation!

Positive Gradient: sample from the data distribution

Negative Gradient: sample from the model distribution

If we use finite-step Gibbs sampler, this method is called Contrastive Divergence (CD) [3]!
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Discrete Latent Variable Models

What if we stack multiple RBMs?

• We could still use CD to learn

• But inference becomes intractable! 

𝑥! 𝑥" 𝑥# 𝑥$

ℎ! ℎ" ℎ#

ℎ$ ℎ% ℎ&How to deal with the general case that hidden units (latent 
variables) are dependent?

…
…

Deep RBMs [4]

(Amortized/Neural) Variation Inference!



Discrete Latent Variable Models

Given data                  , Maximum Likelihood is:

We introduce latent variable                                              or 
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Intractable Integration!
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Variational Inference

Variational Approximation
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Variational Inference

Variational Approximation

Integrating from both sides:
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Variational Inference

Variational Approximation

Integrating from both sides:
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Evidence Lower Bound (ELBO)
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Kullback-Leibler Divergence



Since true posterior                    is often unknown, KL term is intractable

ELBO:
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Reconstruction Error/Loss Regularizer

Variational Inference



Since true posterior                    is often unknown, KL term is intractable

ELBO:

Encoder:

Decoder:

Prior:
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Since true posterior                    is often unknown, KL term is intractable

ELBO:

Encoder:

Decoder:

Prior:
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Variational Inference

Encoder is local, i.e., for each  

there is a separate set of 
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Since true posterior                    is often unknown, KL term is intractable

ELBO:

Encoder:

Decoder:

Prior:
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Reconstruction Error/Loss Regularizer
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Amortized/Neural Variational Inference

Encoder is global, i.e., for each

there is a shared set of         [10]
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Examples:

If Z is continuous, 

Amortized/Neural Variational Inference
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Examples:

If Z is continuous, 

If Z is binary,

Amortized/Neural Variational Inference
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µ = EncoderNetwork�(X)

log �2 = EncoderNetwork�(X)
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Learning in Neural/Amortized Variational Inference 

Negative ELBO:
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Learning in Neural/Amortized Variational Inference 

Negative ELBO:

Gradient of Decoder (assuming prior is not learnable for simplicity) [5]:
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Learning in Neural/Amortized Variational Inference 

Negative ELBO:

Gradient of Encoder [5]:
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Learning in Neural/Amortized Variational Inference 

Negative ELBO:

Gradient of Encoder [5]:
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Learning in Neural/Amortized Variational Inference 

Negative ELBO:

Gradient of Encoder [5]:
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Learning in Neural/Amortized Variational Inference 

Negative ELBO:

Gradient of Encoder [5]:
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Learning in Neural/Amortized Variational Inference 

Negative ELBO:

Gradient of Encoder [5] (Score-based Estimator or REINFORCE [7]):
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Learning in Neural/Amortized Variational Inference 

Negative ELBO:

Gradient of Encoder [5] (Score-based Estimator or REINFORCE [7]):

REINFORCE in Reinforcement Learning:
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Learning in Neural/Amortized Variational Inference 

Negative ELBO:

Gradient of Encoder [5] (Score-based Estimator or REINFORCE [7]):

REINFORCE in Reinforcement Learning:
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Learning in Neural/Amortized Variational Inference 

Negative ELBO:

Gradient of Encoder [5] (Score-based Estimator or REINFORCE [7]):

REINFORCE in Reinforcement Learning:
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Learning in Neural/Amortized Variational Inference 

Negative ELBO:

Gradient of Encoder [5] (Score-based Estimator or REINFORCE [7]):

• This estimator works for both discrete and continuous latent variables!

• But it may come with high variances!
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Learning in Neural/Amortized Variational Inference 

Negative ELBO:

Gradient of Encoder [5] (Score-based Estimator or REINFORCE [7]):

• This estimator works for both discrete and continuous latent variables!

• But it may come with high variances!
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How to reduce variances?



Variance Reduction

There are many variance reduction methods, e.g., see [13]:

• Antithetics

• Stratification

• Common Random Numbers

• Rao-Blackwellization

• Control Variate

……
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• Common Random Numbers

• Rao-Blackwellization

• Control Variate
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Control Variate

Suppose we want to compute

Monte Carlo estimator is 

<latexit sha1_base64="Ol+59VA5dUGr17HaWb5rTx7qCaQ="></latexit>

µ = Ep(X) [f(X)]
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Control Variate

Suppose we want to compute

Monte Carlo estimator is  

Suppose we know

Monte Carlo estimator is  

<latexit sha1_base64="Ol+59VA5dUGr17HaWb5rTx7qCaQ="></latexit>

µ = Ep(X) [f(X)]
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Control Variate

We can construct a difference estimator:
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Control Variate

We can construct a difference estimator:

It is unbiased since
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Ep(X) [µ̂di↵] = Ep(X) [µ̂]� Ep(X)[✓̂] + ✓ = µ



Control Variate

We can construct a difference estimator:

It is unbiased since

Its variance: 
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Control Variate

We can construct a difference estimator:

It is unbiased since

Its variance: 
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Control Variate

We introduce regression estimator:
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Control Variate

We introduce regression estimator:

It is unbiased
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Control Variate

We introduce regression estimator:

It is unbiased

If                                   we have the original Monte Carlo estimator

If                                   we have the difference estimator
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Control Variate

We introduce regression estimator:

Its variance is
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Control Variate

We introduce regression estimator:

Its variance is

Taking the gradient w.r.t. and set it to zero, we have
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Control Variate

We introduce regression estimator:

Given                                          ,  the optimal variance is
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Control Variate

We introduce regression estimator:

Given                                          ,  the optimal variance is
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If control variate is more correlated with the function, the more variance we can reduce!



Control Variate in Variational Inference

Negative ELBO:

Gradient of Encoder [5]: 
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Control Variate in Variational Inference

Negative ELBO:

Gradient of Encoder [5]:

Denote

We have  

<latexit sha1_base64="HB08GJ+g0n0ZbHlxkFleDkldZmA="></latexit>

L(�, ✓) = Eq�(Z|X) [� log (p✓(X|Z))] + KL (q�(Z|X)kp✓(Z))

<latexit sha1_base64="LRUONh8owlMLCGic1RIJRVJqRFE="></latexit>

`�(X,Z) = log p✓(X,Zi)� log q�(Zi|X)

<latexit sha1_base64="PDkDx0gE1cnPWNyVkduSP4zRPcs="></latexit>

@L(�, ✓)
@�

=� Eq�(Z|X)


@ log q�(Z|X)

@�
(log p✓(X,Z)� log q�(Z|X))

�

<latexit sha1_base64="HFrXqoAea4qJxsvoFGVHj/o+aLk="></latexit>

@L(�, ✓)
@�

= �Eq�(Z|X)


@ log q�(Z|X)

@�
`�(X,Z)

�



Control Variate in Variational Inference

Negative ELBO:

Gradient of Encoder [5]:
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Control Variate in Variational Inference

Negative ELBO:

Gradient of Encoder [5]:

For any c that does not depend on Z, we have
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Control Variate in Variational Inference

Negative ELBO:

Gradient of Encoder [5]:

Recall control variate estimator
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Control Variate in Variational Inference

Negative ELBO:

Gradient of Encoder [5]:

Recall control variate estimator 

In our case,                                               and
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Control Variate in Variational Inference

Negative ELBO:

Gradient of Encoder [5]:

Recall control variate estimator 

In our case,                                               and
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Control Variate in Variational Inference

Negative ELBO:

Gradient of Encoder [5]:

Since one source of stochasticity comes from X, making c depend on X could help improve correlation
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Control Variate in Variational Inference

Negative ELBO:

Gradient of Encoder [5]:

Since one source of stochasticity comes from X, making c depend on X could help improve correlation

In [5], a neural net                 is used and learned to minimize the following objective:
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Control Variate in Variational Inference

Negative ELBO:

Gradient of Encoder [5]:

Since one source of stochasticity comes from X, making c depend on X could help improve correlation

In [5], a neural net                 is used and learned to minimize the following objective:

There are follow-up papers on learning baselines to reduce variances [14,15]
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Reparameterization Trick

Negative ELBO:

Gradient of Encoder [5]:

If Z is continuous, reparameterization trick is potentially another way to estimate the gradient!
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Reparameterization Trick

Negative ELBO:

Gradient of Encoder [5]:

If Z is continuous, reparameterization trick is potentially another way to estimate the gradient!

For example, let us assume 
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Reparameterization Trick

For any function f, we have
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Reparameterization Trick

For any function f, we have

Therefore, 
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Reparameterization Trick

In original VAE,
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Reparameterization Trick

In original VAE,

Using Gaussian integrals, we have 

where 
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Reparameterization Trick

Therefore, in original VAE, we have

<latexit sha1_base64="qjR45azjTSvPHBdQjpdNhNxLyXk="></latexit>

L(�, ✓) = EN (✏|0,I) [� log (p✓(X|µ�(X) + ��(X)✏))]

+
1

2

�
µ�(X)>µ�(X) + ��(X)>��(X)

�
� 1

2

mX

i=1

log �2
i �

m

2



Reparameterization Trick

Therefore, in original VAE, we have

We only need reparameterization trick and Monte Carlo estimation in the first term
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Reparameterization Trick

Therefore, in original VAE, we have

We only need reparameterization trick and Monte Carlo estimation in the first term

Now we can get the gradient directly!
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Reparameterization Trick

For continuous distributions other than Gaussian, can we still use reparameterization trick?



Reparameterization Trick

For continuous distributions other than Gaussian, can we still use reparameterization trick?

• Tractable inverse cumulative distribution function (CDF) [6]

e.g., Exponential, Cauchy, Gumbel, Erlang, …

• Location-scale family [6] 

e.g., Laplace, Elliptical, Student’s t, …

• Composition [6]

e.g., Log-Normal, Beta, Chi-Squared, …

• Implicit differentiation [16]

e.g., Dirichlet, Von-Mises, Mixture, …



Reparameterization Trick vs. REINFORCE

Let us simplify the context to better compare them

Suppose we want to optimize                                                                  where
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Reparameterization Trick vs. REINFORCE

Let us simplify the context to better compare them

Suppose we want to optimize                                                                  where

REINFORCE gradient estimator:
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Reparameterization Trick vs. REINFORCE

Let us simplify the context to better compare them

Suppose we want to optimize                                                                  where

REINFORCE gradient estimator:

Reparameterization gradient estimator:
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Reparameterization Trick vs. REINFORCE

Let us simplify the context to better compare them

Suppose we want to optimize                                                                  where

REINFORCE gradient estimator:

Reparameterization gradient estimator:

They are the same in expectation (unbiased)! Why?
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Reparameterization Trick vs. REINFORCE

REINFORCE gradient estimator:

Reparameterization gradient estimator:
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Reparameterization Trick vs. REINFORCE

REINFORCE gradient estimator:

Reparameterization gradient estimator:

We have
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Reparameterization Trick vs. REINFORCE

REINFORCE gradient estimator:

Reparameterization gradient estimator:

We have 

Hence
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Reparameterization Trick vs. REINFORCE

Let us simplify the context to better compare them

Suppose we want to optimize                                                                  where

REINFORCE gradient estimator:

Reparameterization gradient estimator:

They are the same in expectation (unbiased)! 

Reparameterization is often found to have lower variance than REINFORCE empirically
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Reparameterization Trick vs. REINFORCE

Let us simplify the context to better compare them

Suppose we want to optimize                                                                  where

REINFORCE gradient estimator:

Reparameterization gradient estimator:

They are the same in expectation! 

Reparameterization is often found to have lower variance than REINFORCE empirically
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Yet Another “Gradient Estimator”

Wake-Sleep Algorithm [9]

Wake Phase: Update Decoder as before 
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Yet Another “Gradient Estimator”

Wake-Sleep Algorithm [9]

Wake Phase: Update Decoder as before 

Sleep Phase: Update “Encoder Gradient” as

<latexit sha1_base64="KQyty/wy/dQT2E90ymJXQGdavto="> </latexit>

@L(�, ✓)
@✓

= Eq�(Z|X)


�@ log (p✓(X|Z))

@✓

�
⇡ � 1

N

NX

i=1
Zi⇠q�(Z|X)

@ log (p✓(X|Zi))

@✓

<latexit sha1_base64="Gz+/JaZv8oZFRbB2T1a8y7DfCqo="></latexit>

@L(�, ✓)
@�

= �Ep✓(X,Z)


@ log q�(Z|X)

@�

�



Yet Another “Gradient Estimator”

Wake-Sleep Algorithm [9]

Wake Phase: Update Decoder as before 

Sleep Phase: Update “Encoder Gradient” as 

Pros: easier to implement

Cons: sleep phase does not necessarily maximize ELBO

<latexit sha1_base64="KQyty/wy/dQT2E90ymJXQGdavto="> </latexit>

@L(�, ✓)
@✓

= Eq�(Z|X)


�@ log (p✓(X|Z))

@✓

�
⇡ � 1

N

NX

i=1
Zi⇠q�(Z|X)

@ log (p✓(X|Zi))

@✓

<latexit sha1_base64="Gz+/JaZv8oZFRbB2T1a8y7DfCqo="></latexit>

@L(�, ✓)
@�

= �Ep✓(X,Z)


@ log q�(Z|X)

@�

�



Yet Another “Gradient Estimator”

Wake-Sleep Algorithm [9]

Wake Phase: Update Decoder as before 

Sleep Phase: Update “Encoder Gradient” as 

Pros: easier to implement

Cons: sleep phase does not necessarily maximize ELBO
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