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Course Scope

• Brief Intro to Deep Learning

• Geometric Deep Learning

• Deep Learning Models for Sets and Sequences: Deep Sets & Transformers
• Deep Learning Models for Graphs: Graph Convolution & Message Passing GNNs
• Expressiveness & Generalizations of GNNs
• Unsupervised/Self-supervised Graph Representation Learning

• Probabilistic Deep Learning

• Deep Generative Models:
Auto-regressive models, GANs, VAEs, Diffusion/Score based models

• Discrete/Hybrid Latent Variable Models: RBMs, Latent Graph Models
• Stochastic Gradient Estimation
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Given a probability mass function of a discrete RV, how to draw samples?

Inverse transform sampling

Inverse CDF
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CDF and its inverse are discontinuous (piece-wise constant)!
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Gumbel distribution
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Gumbel distribution

PDF:

CDF:

It is used to model the distribution of the 
maximum (or the minimum) of a number of 
samples of various distributions
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Gumbel distribution
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Gumbel distribution

CDF:

Inverse CDF:

Inverse Transform Sampling is efficient 
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Gumbel Max Trick

Given any real numbers                                    , we sample 
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The conditional probability that the index of maximum value of                                      is      is
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The marginal probability that the index of maximum value of                                      is      is
<latexit sha1_base64="nZqnxRdl1ornxH2U/+pp8/TQIAY="></latexit>

{xi + zi|i = 1, · · · ,K}
<latexit sha1_base64="Xq0hvV3rQCTaGho/bFDxqAqpavU="></latexit>

i⇤

<latexit sha1_base64="EMBq3z4yBsHZOvLeQxkM5TIyFMU="></latexit>

p

 
i⇤ = argmax

i2{1,··· ,K}
xi + zi

!

=

Z
p

 
i⇤ = argmax

i2{1,··· ,K}
xi + zi

�����{xi + zi|i = 1, · · · ,K}
!
p({xi + zi})d{xi + zi}

=

Z Y

j 6=i⇤

exp (� exp(�(xi⇤ + zi⇤ � xj))
Y

j

exp (� (zj + exp(�zj))) d{zi}

=

Z
exp (� (zi⇤ + exp(�zi⇤)))

Z Y

j 6=i⇤

exp (� exp(�(xi⇤ + zi⇤ � xj))

exp (� (zj + exp(�zj))) d{zj |j 6= i⇤}dzi⇤

=

Z
exp (� (zi⇤ + exp(�zi⇤)))

Y

j 6=i⇤

exp (� exp(�(xi⇤ + zi⇤ � xj)) dzi⇤



Sampling Discrete (Categorical) Random Variables

The marginal probability that the index of maximum value of                                      is      is
<latexit sha1_base64="nZqnxRdl1ornxH2U/+pp8/TQIAY="></latexit>

{xi + zi|i = 1, · · · ,K}
<latexit sha1_base64="Xq0hvV3rQCTaGho/bFDxqAqpavU="></latexit>

i⇤

<latexit sha1_base64="EMBq3z4yBsHZOvLeQxkM5TIyFMU="></latexit>

p

 
i⇤ = argmax

i2{1,··· ,K}
xi + zi

!

=

Z
p

 
i⇤ = argmax

i2{1,··· ,K}
xi + zi

�����{xi + zi|i = 1, · · · ,K}
!
p({xi + zi})d{xi + zi}

=

Z Y

j 6=i⇤

exp (� exp(�(xi⇤ + zi⇤ � xj))
Y

j

exp (� (zj + exp(�zj))) d{zi}

=

Z
exp (� (zi⇤ + exp(�zi⇤)))

Z Y

j 6=i⇤

exp (� exp(�(xi⇤ + zi⇤ � xj))

exp (� (zj + exp(�zj))) d{zj |j 6= i⇤}dzi⇤

=

Z
exp (� (zi⇤ + exp(�zi⇤)))

Y

j 6=i⇤

exp (� exp(�(xi⇤ + zi⇤ � xj)) dzi⇤

<latexit sha1_base64="VUlX0o5SrfynaFYEvl2nO/FR6kU="></latexit>Z
p(x)dx =

Z
exp (� (x+ exp(�x))) dx = 1

<latexit sha1_base64="PcAaEqoO1CTq2u5NEheaWmZ4Ltw="></latexit>

Gumbel(0, 1)



Sampling Discrete (Categorical) Random Variables

The marginal probability that the index of maximum value of                                      is      is
<latexit sha1_base64="nZqnxRdl1ornxH2U/+pp8/TQIAY="></latexit>

{xi + zi|i = 1, · · · ,K}
<latexit sha1_base64="Xq0hvV3rQCTaGho/bFDxqAqpavU="></latexit>

i⇤

<latexit sha1_base64="OKuV92RceL1XUnPNOex5bDiKi80="></latexit>

p

 
i⇤ = argmax

i2{1,··· ,K}
xi + zi

!
=

Z
exp (� (zi⇤ + exp(�zi⇤)))

Y

j 6=i⇤

exp (� exp(�(xi⇤ + zi⇤ � xj)) dzi⇤

=

Z
exp

0

@�zi⇤ � exp(�zi⇤)�
X

j 6=i⇤

exp(�(xi⇤ + zi⇤ � xj)

1

A dzi⇤

=

Z
exp

0

@�zi⇤ �
X

j

exp(�(xi⇤ + zi⇤ � xj)

1

A dzi⇤

=

Z
exp

0

@�zi⇤ � exp(�zi⇤)
X

j

exp(�xi⇤ + xj)

1

A dzi⇤

=

0

@
X

j

exp(�xi⇤ + xj)

1

A
�1

=
exp(xi⇤)P
j exp(xj)



Sampling Discrete (Categorical) Random Variables

The marginal probability that the index of maximum value of                                      is      is
<latexit sha1_base64="nZqnxRdl1ornxH2U/+pp8/TQIAY="></latexit>

{xi + zi|i = 1, · · · ,K}
<latexit sha1_base64="Xq0hvV3rQCTaGho/bFDxqAqpavU="></latexit>

i⇤

<latexit sha1_base64="OKuV92RceL1XUnPNOex5bDiKi80="></latexit>

p

 
i⇤ = argmax

i2{1,··· ,K}
xi + zi

!
=

Z
exp (� (zi⇤ + exp(�zi⇤)))

Y

j 6=i⇤

exp (� exp(�(xi⇤ + zi⇤ � xj)) dzi⇤

=

Z
exp

0

@�zi⇤ � exp(�zi⇤)�
X

j 6=i⇤

exp(�(xi⇤ + zi⇤ � xj)

1

A dzi⇤

=

Z
exp

0

@�zi⇤ �
X

j

exp(�(xi⇤ + zi⇤ � xj)

1

A dzi⇤

=

Z
exp

0

@�zi⇤ � exp(�zi⇤)
X

j

exp(�xi⇤ + xj)

1

A dzi⇤

=

0

@
X

j

exp(�xi⇤ + xj)

1

A
�1

=
exp(xi⇤)P
j exp(xj)

<latexit sha1_base64="Q6oupYnuQLzXaeV4SKN6+yk3NeQ="></latexit>Z
p(x)dx

=

Z
1

�
exp

✓
�
✓
x� µ

�
+ exp(�x� µ

�
)

◆◆
dx

= 1
<latexit sha1_base64="I3ZhfqJUqFPV7oyVWOc3veNqVKY="></latexit>

µ = log

0

@
X

j

exp(�xi⇤ + xj)

1

A

� = 1

<latexit sha1_base64="f0ZoEwQFzwH7O3yJ948gb0HVWNI="></latexit>

Gumbel(µ,�)



Sampling Discrete (Categorical) Random Variables

We have derived Gumbel-Max Trick

RV       follows a categorical distribution where                                       and

We have     follows the same distribution as 

where

<latexit sha1_base64="piiFDVThNM2cyFVEUsAgEe8RIok="></latexit>

X
<latexit sha1_base64="F6nTOA++2rM5IYxUDSYcNaaDoKM="></latexit>

X 2 {1, 2, · · · ,K}
<latexit sha1_base64="dzVm3X09Khl1kNYecDgiAejXnDA="></latexit>

p(X = k) =
exp(xk)PK
i=1 exp(xi)

<latexit sha1_base64="92LrRidomvz8SiR51ZvkoQMBJmE="></latexit>

y = argmax
i2{1,··· ,K}

xi + zi

<latexit sha1_base64="4L6PwhtHJbEpLdNJw5L2WB140qk="></latexit>

zi
iid⇠ Gumbel(0, 1)

<latexit sha1_base64="piiFDVThNM2cyFVEUsAgEe8RIok="></latexit>

X
<latexit sha1_base64="sYm8QAdhgI3pZTpbMiWtrwmpQBI="></latexit>y



Sampling Discrete (Categorical) Random Variables

We have derived Gumbel-Max Trick

RV       follows a categorical distribution where                                       and

We have     follows the same distribution as 

where

It can be used for efficient sampling from complicated probabilistic models like discrete MRFs [5]
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Stochastic Gradient Estimation Again

Suppose we want to optimize                                                  and         is discrete
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Stochastic Gradient Estimation Again

Suppose we want to optimize                                                  and         is discrete 

Recall what we learned previously:

Reparameterization (path-derivative) gradient estimator

REINFORCE gradient estimator
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Stochastic Gradient Estimation Again

Suppose we want to optimize                                                  and         is discrete 

Recall what we learned previously:

Reparameterization (path-derivative) gradient estimator

We use the reparameterization

However, for discrete       , we can not differentiate                ! 
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Can we find some differentiable approximation?



Straight-Through Estimator

Consider the binary (Bernoulli) case
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Straight-Through Estimator

Consider the binary (Bernoulli) case

Since step-function is non-differentiable, we can approximate it using identity [7, 1] and sigmoid [1]
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Straight-Through Estimator

Consider the binary (Bernoulli) case

Since step-function is non-differentiable, we can approximate it using identity [7, 1] and sigmoid [1]

We use discrete samples in forward pass and differentiable approximations in backward pass! 
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Gumbel-Softmax Estimator

We know Gumbel-Max Trick can sample from categorical distributions

RV       follows a categorical distribution where                                       and

We have     follows the same distribution as 

where
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Gumbel-Softmax Estimator

We know Gumbel-Max Trick can sample from categorical distributions

RV       follows a categorical distribution where                                       and

We have     follows the same distribution as 

where

However, argmax is non-differentiable!
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Softmax is a differentiable approximation of argmax!



Gumbel-Softmax Estimator

Recall in Gumbel-Max trick, we have

Use softmax instead of argmax (adding temperature     ), we have
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Gumbel-Softmax Estimator

Recall in Gumbel-Max trick, we have

Use softmax instead of argmax (adding temperature     ), we have

The Gumbel-Softmax distribution (concrete distribution) [2, 3] is then 
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Gumbel-Softmax Estimator

The Gumbel-Softmax distribution (concrete distribution) [2, 3] is then 
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Gumbel-Softmax Estimator

The Gumbel-Softmax distribution (concrete distribution) [2, 3] is then 
<latexit sha1_base64="+fdehNcL4DoczXqS0GGSJEEtJ3w="></latexit>

p(y1, · · · , yK) = �(K)⌧K�1

 
KX

i=1

⇡i

y⌧i

!�K KY

i=1

⇡i

y⌧+1
i

Image Credit: [3]

Simplex View



Gumbel-Softmax Estimator

The Gumbel-Softmax distribution (concrete distribution) [2, 3] is then

Sampling operator is

Since samples are not discrete anymore, it is a biased estimator
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Gumbel-Softmax Estimator

The Gumbel-Softmax distribution (concrete distribution) [2, 3] is then

Sampling operator is

Since samples are not discrete anymore, it is a biased estimator

But samples are differentiable, so we can use reparameterization trick!

Empirically, it has low variances with a reasonable temperature!
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Gumbel-Top K for Sequences

For random processes like sequences of discrete random variables, we are interested in sampling most 
probable sequences, e.g., in language models

(Deterministic) beam search is typically used!

Gumbel Top K Trick:

We can generalize Gumbel-Softmax to Gumbel-TopK to construct stochastic beam search [4]!
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Gumbel-Top K for Sequences
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Stochastic beam search
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