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Neural Relational Inference

Suppose we observe dynamics of particles, we are interested in inferring the latent interaction graph

It arises in dynamic systems from physics, biology, sports, transportation, etc.

Observed dynamics Interaction graph
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Let us formalize the problem:

We have N particles (nodes)

At time t, the feature is
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For all nodes, we have N trajectories
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Let us formalize the problem:
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Neural Relational Inference

Let us formalize the problem:

We have N particles (nodes)

At time t, the feature is

For all nodes, we have N trajectories

For any pair of node              , we introduce 

a discrete latent variable        to model interaction

Our goal is to infer the set of all latent variables , which forms the latent graph!

Observed dynamics Interaction graph

Image Credit: [1]
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We use VAEs as the probabilistic framework

• Encoder

• Decoder

• Prior
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Neural Relational Inference

We use VAEs as the probabilistic framework

• Encoder

• Decoder

• Prior

• Learning the model by maximizing the ELBO
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Neural Relational Inference

We use VAEs as the probabilistic framework
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Encoder: A GNN applied to a fully connected graph
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Neural Relational Inference

Encoder: A GNN applied to a fully connected graph
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Neural Relational Inference

Decoder: A GNN applied to the sampled graph
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Neural Relational Inference

Decoder: A GNN applied to the sampled graph
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Neural Relational Inference

Decoder: A GNN applied to the sampled graph

x xt Δxt

…
Σ

…

Encoder

Σ

Decoder

…

q φ(z|x)

…

v →e

Legend: : Node emb. : Edge emb. : Concrete distribution: MLP : Sampling

e →v v →e v →e e →v

Node to Edge

Edge to Node

<latexit sha1_base64="rVFafBgHIUb69dWbXYU25/NYA7A="></latexit>

p✓(x|z) =
QT

t=1 p✓(x
t+1|xt, ...,x1, z)

Option II: Auto-Regressive

<latexit sha1_base64="rkH5dh6tJ48FFY6qZFrWkuCUGfU="></latexit>

v!e : h̃t
(i,j) =

X

k

zij,kf̃
k
e ([h̃

t
i, h̃

t
j ])

e!v : MSGt
j =

P
i 6=j h̃

t
(i,j)

h̃t+1
j = GRU([MSGt

j ,x
t
j ], h̃

t
j)

µt+1
j = xt

j + fout(h̃
t+1
j )

p(xt+1|xt, ...,x1, z) = N (µt+1,�2I)
Image Credit: [1]



Neural Relational Inference

Decoder: A GNN applied to the sampled graph
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Neural Relational Inference

Prior: Independent uniform distributions over edge types
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Neural Relational Inference

Learning VAE
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Neural Relational Inference

Learning VAE

• Score function estimator (REINFORCE)

• Gumbel-Softmax / Concrete (Relaxation + Reparameterization)
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Learning VAE

• Score function estimator (REINFORCE)
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Neural Relational Inference

Predicting the walking motion 
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Neural Relational Inference

Learned latent graphs

Image Credit: [1]
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Transductive: reasoning from observed, specific (training) cases to specific (test) cases

Inductive: reasoning from observed training cases to general rules, which are then applied to the test cases 
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Suppose we are given a single graph and want to perform (transductive) node classification

• Transductive vs. Inductive
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Suppose we are given a single graph and want to perform (transductive) node classification

Suppose the graph is incomplete or even completely missing
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Learning Discrete Structures for GNNs

Suppose we are given a single graph and want to perform (transductive) node classification

Suppose the graph is incomplete or even completely missing

Can we learn a latent graph and then apply GNNs?

One can formulate a bi-level optimization problem [2]:
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Suppose we are given a single graph and want to perform (transductive) node classification

Suppose the graph is incomplete or even completely missing

Can we learn a latent graph and then apply GNNs?

One can formulate a bi-level optimization problem [2]:

Outer level/loop
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Learning Discrete Structures for GNNs

Suppose we are given a single graph and want to perform (transductive) node classification

Suppose the graph is incomplete or even completely missing

Can we learn a latent graph and then apply GNNs?

One can formulate a bi-level optimization problem [2]:

Outer level/loop
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Learning Discrete Structures for GNNs

One can formulate a bi-level optimization problem [2]:

This problem is a hard mixed-integer programming problem!
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Learning Discrete Structures for GNNs

One can formulate a bi-level optimization problem [2]:

This problem is a hard mixed-integer programming problem!

We can relax it (introducing edge-independent Bernoulli distribution):
<latexit sha1_base64="w6aHPGDOrJ5qMmzUnkLFr7vhRoE="></latexit>

min
✓

EA⇠Ber(✓)

"
X

v2VVal

`(fwA(X,A)v, yv)

#

s.t. w✓ = argmin
w

EA⇠Ber(✓)

"
X

v2VTrain

`(fw(X,A)v, yv) + ⌦(w)

#

<latexit sha1_base64="zXLebasIq51DTsWarbpBATftA5o="></latexit>

min
A

X

v2VVal

`(fwA(X,A)v, yv)

s.t. wA = argmin
w

X

v2VTrain

`(fw(X,A)v, yv) + ⌦(w)



Learning Discrete Structures for GNNs

One can formulate a bi-level optimization problem [2]:

This problem is a hard mixed-integer programming problem!

We can relax it (introducing edge-independent Bernoulli distribution):
<latexit sha1_base64="w6aHPGDOrJ5qMmzUnkLFr7vhRoE="></latexit>

min
✓

EA⇠Ber(✓)

"
X

v2VVal

`(fwA(X,A)v, yv)

#

s.t. w✓ = argmin
w

EA⇠Ber(✓)

"
X

v2VTrain

`(fw(X,A)v, yv) + ⌦(w)

#

<latexit sha1_base64="zXLebasIq51DTsWarbpBATftA5o="></latexit>

min
A

X

v2VVal

`(fwA(X,A)v, yv)

s.t. wA = argmin
w

X

v2VTrain

`(fw(X,A)v, yv) + ⌦(w)

We can unroll SGD for a few steps!



Learning Discrete Structures for GNNs

Denoting the outer objective as

Denoting the inner objective as

<latexit sha1_base64="ubBNI25r4V25hiOarBvi+VivCCc="></latexit>

F (w,A) =
X

v2VVal

`(fw(X,A)v, yv)

<latexit sha1_base64="6pLiF6UkBX0rpf5I7CeBIkL7WAU="></latexit>

L(w,A) =
X

v2VTrain

`(fw(X,A)v, yv) + ⌦(w)



Learning Discrete Structures for GNNs

Denoting the outer objective as

Denoting the inner objective as

The bi-level optimization is simplified as
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Learning Discrete Structures for GNNs

Denoting the outer objective as

Denoting the inner objective as

The bi-level optimization is simplified as

For Inner optimization, we unroll SGD as
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Learning Discrete Structures for GNNs

Denoting the outer objective as

Denoting the inner objective as

The bi-level optimization is simplified as

For Inner optimization, we unroll SGD as

The (hyper) gradient is
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Learning Discrete Structures for GNNs

The (hyper) gradient is
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θ ...  wt+1= Φ(wt,A1) = wt - γ∇Lt(wt,A1)

 wt+τ= wt+τ-1 - γ∇Lt+τ-1(wt+τ-1,Aτ)

...
w

Data points

Initialize
parameters

Sample graphs Compute hypergradients
 and update θ of graph generator

GCN:

Graph
generator:

A1~Pθ

Compute gradients of and
 update GCN parameters
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∇θ 𝔼[F(wθ,τ , θ)] nodes



Learning Discrete Structures for GNNs

Transductive Classification:
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Summary:

• Neural Relational Inference

Amortized inference, thus being applicable to inductive and transductive setting

Use Edge-Independent Categorical and Gumbel-Softmax to learn latent graphs



Conclusions

Summary:

• Neural Relational Inference

Amortized inference, thus being applicable to inductive and transductive setting

Use Edge-Independent Categorical and Gumbel-Softmax to learn latent graphs

• Learning Latent Graphs via Bi-level Optimization

Learn a single latent graph, thus being inapplicable to inductive setting

Use Edge-Independent Bernoulli and Straight-Through to learn latent graphs



Open Questions

• Can we use more expressive generative models over graphs? E.g., deep auto-regressive models?

• For bi-level optimization, it may be beneficial to run inner SGD until convergence. Can we still 
efficiently learn the latent graph in this case? 

Yes, Implicit Differentiation [3, 4]!
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