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Course Scope

• Brief Intro to Deep Learning

• Geometric Deep Learning

• Deep Learning Models for Sets and Sequences: Deep Sets & Transformers
• Deep Learning Models for Graphs: Message Passing & Graph Convolution GNNs
• Group Equivariant Deep Learning

• Probabilistic Deep Learning

• Auto-regressive models, Large Language Models (LLMs)
• Variational Auto-Encoders (VAEs) and Generative Adversarial Networks (GANs)
• Energy based models (EBMs)
• Diffusion/Score based models 
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Autoregressive Models

Long history in statistics, econometrics, and signal processing.

We are a given n-dimensional data x

Graphical model:
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PixelCNNs

Autoregressive model for images.

is pixel value, e.g., {0, 1, …, 255}

= height × width

Every term                           is modeled by the same CNN (softmax readout)
<latexit sha1_base64="mpxE02S1ynpUhGjh60c8L0gzzKQ="></latexit>

p✓(xi|x<i)

<latexit sha1_base64="a1rO4P56vBjwr9q7LvsywapILNs="></latexit>

p✓(x) =
nY

i=1

p✓(xi|x1, . . . ,xi�1) =
nY

i=1

p✓(xi|x<i)

<latexit sha1_base64="shQ8ATki2Alvqu7QsD7twLAuel0=">AAACKHicbVDLSgMxFM2o1VpfrS7dBIvgQsqM+FoW3bisYB/QDiWTZtrQPMYkIy1Dv8Otbv0ad9KtX2KmHcS2HggczrmXe3KCiFFtXHfqrK1v5Da38tuFnd29/YNi6bChZawwqWPJpGoFSBNGBakbahhpRYogHjDSDIb3qd98IUpTKZ7MOCI+R31BQ4qRsZLf4cgMgjAZTbq00C2W3Yo7A1wlXkbKIEOtW3JynZ7EMSfCYIa0bntuZPwEKUMxI5NCJ9YkQniI+qRtqUCcaD+ZpZ7AU6v0YCiVfcLAmfp3I0Fc6zEP7GSaUi97qfif145NeOsnVESxIQLPD4Uxg0bCtALYo4pgw8aWIKyozQrxACmEjS1q8QrrSzsw4Oe/jOLRwr+SgE9scd5yTaukcVHxritXj5fl6l1WYR4cgxNwBjxwA6rgAdRAHWDwDF7BG3h3PpxP58uZzkfXnGznCCzA+f4BwjynAA==</latexit>xi
<latexit sha1_base64="nCKr2fI0FQjn5b9y8JS6ZnPeYmA=">AAACHHicbVBNS0JBFJ2xLLMvrWWbIQlahLwXfS2lNi0V8gNUZN44Twfn4zEzL5KHv6Btbfs17aJt0L9p1EekduDC4Zx7ufeeIOLMWM/7hpm19ezGZm4rv72zu7dfKB40jIo1oXWiuNKtABvKmaR1yyynrUhTLAJOm8Hobuo3H6k2TMkHO45oV+CBZCEj2DqpJnuFklf2ZkCrxE9JCaSo9oow2+krEgsqLeHYmLbvRbabYG0Z4XSS78SGRpiM8IC2HZVYUNNNZpdO0IlT+ihU2pW0aKb+nUiwMGYsAtcpsB2aZW8q/ue1YxvedBMmo9hSSeaLwpgjq9D0bdRnmhLLx45gopm7FZEh1phYF87iFj5QrmEozn4ZI08LfyWBmLjg/OWYVknjvOxflS9rF6XKbRphDhyBY3AKfHANKuAeVEEdEEDBM3gBr/ANvsMP+DlvzcB05hAsAH79AO1+oeY=</latexit>n



PixelCNNs
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p✓(xi|x<i)

Conditioned on all pixels 
that are top-left! 

Image Credit: [1]

One can also vectorize an 
image as a sequence and 
use RNNs to build the 
autoregressive model, 
e.g., PixelRNNs [2].



What About Color Images?

Autoregressive conditioning again along channels:



How to Implement?

1. Mask Input
2. Convolution

Image Credit: [1]



How to Implement?

For each image, we need 𝐻 ×𝑊
masks and convolutions to 
compute the likelihood!

Image Credit: [1]



Solutions in PixelCNNs

Masked Filter + Smart Stack of Regular Convolutions!

Image Credit: [1]



Masked Filter

Masked 3 × 3 filter
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Masked Filter

Masked 3 × 3 filter

Naively applying masked filter causes blind spots (blue area)!



How to Resolve Blind Spots?

Applying two stacks of masked convolutions!

Image Credit: [1]
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Horizontal Stack (Implemented by masked 2D convolution)

Horizontal Mask 1

Horizontal Mask 2
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Avoid using information at current location!



How to Resolve Blind Spots?

Vertical Stack (Implemented by masked 2D convolution)

Vertical Mask 1

Applying vertical masked filter causes blind spots (blue area) too!



How to Resolve Blind Spots?

Vertical Stack (Implemented by masked 2D convolution)

Vertical Mask 1

Vertical Mask 2

We again use two masked filters to remove blind spots!
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How to Resolve Blind Spots?

Combine Horizontal and Vertical Stacks
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PixelCNN Architecture
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PixelCNN Architecture

Gated Convolutions
<latexit sha1_base64="H0R+hiRsWLAH6ZP7qPUFjxkqhhY="></latexit>
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Image Credit: [1]



PixelCNN Performances

CIFAR 10:



PixelCNN Performances
Unconditional Generation:

Image Credit: [1,3,4]



PixelCNN Performances
Conditional Generation (Image Completion):

Image Credit: [4]



PixelCNN Performances
Conditional Generation (Class Label):

Image Credit: [1]



+ Parallel Training

One forward pass to compute losses at all locations (i.e., all conditional probabilities)!

Pros vs Cons

Image Credit: [1]
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+ Parallel Training

One forward pass to compute losses at all locations (i.e., all conditional probabilities)!

+ Strong Performances

PixelCNN++ [3] further improves performances by:
1. Softmax → discretized mixture of logistic distributions
2. Downsample & upsample, dropout, skip connections, etc. 

- Slow Sampling

This is due to the sequential nature of autoregressive sampling.
It could be further improved by methods, e.g., [5].

Pros vs Cons



Parallel Nonlinear Equation Solving [5] speeds up auto-regressive sampling:

Pros vs Cons
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Questions?


