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Restricted Boltzmann Machines

EBMs with both discrete observable and latent variables are extensively studied in the literature, e.g., 
Boltzmann Machines (BMs) [2,3] and Restricted Boltzmann Machines (RBMs) [4,5].
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Suppose we have binary visible units (observable variables)     , binary hidden units (latent variables)
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Binary visible units (observable variables)     , binary hidden units (latent variables)

• Energy function

• Probability distribution

• Bipartite graph structure implies conditional independence
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Restricted Boltzmann Machines

• Bipartite graph structure implies conditional independence

Why?
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Restricted Boltzmann Machines

Intuition: 

• Observed visible units block the paths among hidden units

• Change of one hidden unit would not affect others
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Restricted Boltzmann Machines

Intuition: 

• Observed visible units block the paths among hidden units

• Change of one hidden unit would not affect others

Formally:
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Restricted Boltzmann Machines

Inference: Computing Marginals           & Maximum A Posterior (MAP) 
 
• MAP is simple for RBMs due to the conditional independence. 
• For computing marginals, 
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Inference: Computing Marginals           & Maximum A Posterior (MAP) 
 
• MAP is simple for RBMs due to the conditional independence. 
• For computing marginals, we need Markov chain Monte Carlo, e.g., Gibbs sampling.
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Inference: Computing Marginals           & Maximum A Posterior (MAP) 
 
• MAP is simple for RBMs due to the conditional independence. 
• For computing marginals, we need Markov chain Monte Carlo, e.g., Gibbs sampling.

In general, Gibbs sampler draw samples from 
by iteratively sampling from the conditional distributions.

𝑥! 𝑥" 𝑥# 𝑥$

ℎ! ℎ" ℎ#

RBMs

<latexit sha1_base64="s3IXm0YZgmts2hldYv7ygqZwXCc="></latexit>

argmax
h

p(h|x)
<latexit sha1_base64="1d+ju8CKzYpgWMizTzFBqtVQ3p4=">AAACH3icbVDLSgMxFM1Uq7W+Wl26CRahgpQZ8bUsunFZwT6gHUomzXRCk8yQZKRl6C+41a1f407c9m/MtIPY1gMXDufcy733eBGjStv2zMptbOa3tgs7xd29/YPDUvmopcJYYtLEIQtlx0OKMCpIU1PNSCeSBHGPkbY3ekj99guRiobiWU8i4nI0FNSnGOlUiqrj836pYtfsOeA6cTJSARka/bKV7w1CHHMiNGZIqa5jR9pNkNQUMzIt9mJFIoRHaEi6hgrEiXKT+bFTeGaUAfRDaUpoOFf/TiSIKzXhnunkSAdq1UvF/7xurP07N6EiijUReLHIjxnUIUw/hwMqCdZsYgjCkppbIQ6QRFibfJa3sGFoGgJ+8csoHi/9lXh8aoJzVmNaJ63LmnNTu366qtTvswgL4AScgipwwC2og0fQAE2AQQBewRt4tz6sT+vL+l605qxs5hgswZr9ALvqos8=</latexit>

p(x)

<latexit sha1_base64="1SwPXVq7znr2+pyVI60rJjNpOpo=">AAACNXicbZDLSgMxFIYz1Wqtt1Y3gptgESqUMlO8LYtuXFawF2iHIZNm2tAkMyQZaRnq07jVrc/iwp249RVML4ht/SHw8Z9zODm/HzGqtG2/W6m19fTGZmYru72zu7efyx80VBhLTOo4ZKFs+UgRRgWpa6oZaUWSIO4z0vQHt5N685FIRUPxoEcRcTnqCRpQjLSxvNxRVBx6TgkOvUoJdrqhVhMWZ1kvV7DL9lRwFZw5FMBcNS9vpc08jjkRGjOkVNuxI+0mSGqKGRlnO7EiEcID1CNtgwJxotxkesIYnhqnC4NQmic0nLp/JxLElRpx33RypPtquTYx/6u1Yx1cuwkVUayJwLNFQcygDuEkD9ilkmDNRgYQltT8FeI+kghrk9riFtYLTUOfl36J4uHCXYnPxyY4ZzmmVWhUys5l+eL+vFC9mUeYAcfgBBSBA65AFdyBGqgDDJ7AM3gBr9ab9WF9Wl+z1pQ1nzkEC7K+fwCRWqmq</latexit>

p(x1, x2, . . . , xn)

<latexit sha1_base64="3RZZe+4NVCZ+ixPqkEgcvm32F2M="></latexit>

Given initial sample (x(0)
1 , x(0)

2 , . . . , x(0)
n )

for t = 1, . . . , T do
for i = 1, . . . , n do

x(t)
i ⇠ p

⇣
xi|x1 = x(t)

1 , . . . , xi�1 = x(t)
i�1, xi+1 = x(t�1)

i+1 , . . . , xn = x(t�1)
n

⌘

end
end

Return (x(T )
1 , x(T )

2 , . . . , x(T )
n )



Restricted Boltzmann Machines

Inference: Computing Marginals           & Maximum A Posterior (MAP) 
 
• MAP is simple for RBMs due to the conditional independence. 
• For computing marginals, we need Markov chain Monte Carlo, e.g., Gibbs sampling

In general, Gibbs sampler draw samples from 
by iteratively sampling from the conditional distributions.

In RBMs, we do not iterative over
individual variables. Instead,
we do block-Gibbs sampling, i.e.,
sampling a block of variables
conditioned on the other block.
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Inference: Computing Marginals           & Maximum A Posterior (MAP) 
 
• MAP is simple for RBMs due to the conditional independence. 
• For computing marginals, we need Markov chain Monte Carlo, e.g., Gibbs sampling

In general, Gibbs sampler draw samples from 
by iteratively sampling from the conditional distributions.

In RBMs, we do not iterative over
individual variables. Instead,
we do block-Gibbs sampling, i.e.,
sampling a block of variables
conditioned on the other block.
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Restricted Boltzmann Machines

Inference: Computing Marginals           & Maximum A Posterior (MAP) 
 
• MAP is simple for RBMs due to the conditional independence. 
• For computing marginals, we need Markov chain Monte Carlo, e.g., Gibbs sampling

In general, Gibbs sampler draw samples from 
by iteratively sampling from the conditional distributions.

In RBMs, we do not iterative over
individual variables. Instead,
we do block-Gibbs sampling, i.e.,
sampling a block of variables
conditioned on the other block.
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Given initial sample (x(0), h(0))
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The block-Gibbs shares the same convergence guarantee as Gibbs (due to conditional independence) but is 
more efficient due to parallel sampling!



Outline

• Classic EBMs

• EBMs with Discrete Observable Variables and Discrete Latent Variables: RBMs
• Inference: Gibbs Sampling
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• EBMs with Continuous Observable Variables and Discrete Latent Variables : GRBMs
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• EBMs with Learnable Energy Functions
• Inference: Langevin Monte Carlo (LMC) 
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Learning RBMs

Learning: Maximum Likelihood 
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Learning RBMs

Learning: Maximum Likelihood 
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Stochastic Approximated Gradient

Learning: Maximum Likelihood 
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Stochastic Approximated Gradient

Learning: Maximum Likelihood 
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Stochastic Approximated Gradient

Learning: Maximum Likelihood
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Stochastic Approximated Gradient

Learning: Maximum Likelihood 

Recall we sample multiple training data and maximize the summed log likelihood of them, 
which in expectation amounts to:
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Stochastic Approximated Gradient

Learning: Maximum Likelihood 

Recall we sample multiple training data and maximize the summed log likelihood of them, 
which in expectation amounts to:
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Stochastic Approximated Gradient

Learning: Maximum Likelihood 

Recall we sample multiple training data and maximize the summed log likelihood of them, 
which in expectation amounts to:
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Stochastic Approximated Gradient

Learning: Maximum Likelihood 

Since we care about
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Stochastic Approximated Gradient

Learning: Maximum Likelihood 

Since we care about

we have the gradient
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Stochastic Approximated Gradient

Learning: Maximum Likelihood 

Stochastic Approximated Gradient
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Monte Carlo Estimation!



Stochastic Approximated Gradient

Learning: Maximum Likelihood 

Stochastic Approximated Gradient

<latexit sha1_base64="dz0dhApU3od/ep7Akw/igcIx4xI="></latexit>Z
pdata(x)

@ log p✓(x)

@✓
dx = Ep✓(h|x)pdata(x)


�@E✓(x, h)

@✓

�
� Ep✓(h,x)


�@E✓(x, h)

@✓

�

Monte Carlo Estimation!

Positive Gradient: sample from the data distribution
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Stochastic Approximated Gradient

Learning: Maximum Likelihood 

Stochastic Approximated Gradient
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Monte Carlo Estimation!

Positive Gradient: sample from the data distribution

Negative Gradient: sample from the model distribution
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Stochastic Approximated Gradient

Learning: Maximum Likelihood 

Stochastic Approximated Gradient
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Monte Carlo Estimation!

Positive Gradient: sample from the data distribution

Negative Gradient: sample from the model distribution

If we use finite-step Gibbs sampler, this method is called Contrastive Divergence (CD) [6]!
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GRBMs: Gaussian-Bernoulli (a.k.a. Gaussian-Binary) Restricted Boltzmann Machines [7]

Continuous visible units (observable variables)     , binary hidden units (latent variables)

Energy function:
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GRBMs: Gaussian-Bernoulli (a.k.a. Gaussian-Binary) Restricted Boltzmann Machines [7]

Continuous visible units (observable variables)     , binary hidden units (latent variables)

Energy function:

Conditional distributions (conditional independence holds again): GRBMs

v! v" v# 𝑣$

h! h" h#
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GRBMs: Gaussian-Bernoulli (a.k.a. Gaussian-Binary) Restricted Boltzmann Machines [7]

Continuous visible units (observable variables)     , binary hidden units (latent variables)

Energy function:

Conditional distributions (conditional independence holds again):

Recent work [8] introduces Gibbs-Langevin sampling, which 
makes CD-based learning work much better than before!

GRBMs
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h! h" h#
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Results of training GRBMs for modelling MNIST Images [8]

Gaussian-Bernoulli Restricted Boltzmann Machines

Image Credit: [8]



Results of training GRBMs for modelling Fashion-MNIST and CelebA-32 Images [8]

Gaussian-Bernoulli Restricted Boltzmann Machines

Image Credit: [8]



Outline

• Classic EBMs

• EBMs with Discrete Observable Variables and Discrete Latent Variables: RBMs
• Inference: Gibbs Sampling
• Learning: Contrastive Divergence
• EBMs with Continuous Observable Variables and Discrete Latent Variables : GRBMs

• Modern EBMs

• EBMs with Learnable Energy Functions
• Inference: Langevin Monte Carlo (LMC) 
• Learning: Contrastive Divergence



Deep EBMs

Recall EBMs without latent variables are:
<latexit sha1_base64="XfGmn+ru2HtXbIJ8yG4dK8hSQl4="></latexit>

p✓(x) =
1

Z
exp (�E✓(x))



Deep EBMs

Recall EBMs without latent variables are:

We know energy function design is key to EBMs, e.g., RBM’s energy function implies conditional 
independence.

However, it is typically hard to know how to design energy function in advance.
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Deep EBMs

Recall EBMs without latent variables are:

We know energy function design is key to EBMs, e.g., RBM’s energy function implies conditional 
independence.

However, it is typically hard to know how to design energy function in advance.

Why not learn the energy function from data? 
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Deep EBMs

Recall EBMs without latent variables are:

We know energy function design is key to EBMs, e.g., RBM’s energy function implies conditional 
independence.

However, it is typically hard to know how to design energy function in advance.

Why not learn the energy function from data? 

Yes! But there are at least two requirements on the parameterization of the energy function:

• It should be expressive enough to capture the complicated unnormalized probability density of data.

• It should be differentiable to enable CD-based learning.
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Deep EBMs

Recall EBMs without latent variables are:

We know energy function design is key to EBMs, e.g., RBM’s energy function implies conditional 
independence.

However, it is typically hard to know how to design energy function in advance.

Why not learn the energy function from data? 

Yes! But there are at least two requirements on the parameterization of the energy function:

• It should be expressive enough to capture the complicated unnormalized probability density of data.

• It should be differentiable to enable CD-based learning.

We already have the answer, i.e., deep neural networks!
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Deep EBMs

How to parameterize the energy function using deep neural networks?
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Deep EBMs

How to parameterize the energy function using deep neural networks?

For image generation, U-Net architecture is crucial [9, 10].

Image Credit: [11]
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Deep EBMs

How to parameterize the energy function using deep neural networks?

For image generation, U-Net architecture is crucial [9, 10].

Image Credit: [11]
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Deep EBMs

How to parameterize the energy function using deep neural networks?

For image generation, U-Net architecture is crucial [9, 10].

Image Credit: [11]
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Deep EBMs

We can also use deep EBMs for supervised learning tasks like classification [13,14]. 

Image Credit: [12]
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Outline

• Classic EBMs

• EBMs with Discrete Observable Variables and Discrete Latent Variables: RBMs
• Inference: Gibbs Sampling
• Learning: Contrastive Divergence
• EBMs with Continuous Observable Variables and Discrete Latent Variables : GRBMs

• Modern EBMs

• EBMs with Learnable Energy Functions
• Inference: Langevin Monte Carlo (LMC)
• Learning: Contrastive Divergence



Sampling from Deep EBMs

Suppose we have a deep EBM over continuous random variables, how can we draw samples from it?
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Langevin Monte Carlo

Suppose we have a deep EBM over continuous random variables, how can we draw samples from it?

One popular approach is Langevin Monte Carlo [15,16] originated from Langevin Diffusion [17].

This is a stochastic differential equation (SDE), known as Itô diffusion.
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Langevin Monte Carlo

Suppose we have a deep EBM over continuous random variables, how can we draw samples from it?

One popular approach is Langevin Monte Carlo [15,16] originated from Langevin Diffusion [17].

This is a stochastic differential equation (SDE), known as Itô diffusion.
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Langevin Monte Carlo

Suppose we have a deep EBM over continuous random variables, how can we draw samples from it?

One popular approach is Langevin Monte Carlo [15,16] originated from Langevin Diffusion [17].

This is a stochastic differential equation (SDE), known as Itô diffusion.

One can prove Langevin Diffusion is irreducible, strong Feller, and aperiodic [18].
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Langevin Monte Carlo

Suppose we have a deep EBM over continuous random variables, how can we draw samples from it?

One popular approach is Langevin Monte Carlo [15,16] originated from Langevin Diffusion [17].

This is a stochastic differential equation (SDE), known as Itô diffusion.

One can prove Langevin Diffusion is irreducible, strong Feller, and aperiodic [18].

In other words,             is the stationary distribution of Langevin Diffusion. Therefore, we can use it as a 
Markov chain Monte Carlo sampling method.
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Langevin Monte Carlo

To turn the Langevin Diffusion into a sampling algorithm, we need to discretize (Euler-Maruyama method) it:
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Langevin Monte Carlo
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Langevin Monte Carlo

To turn the Langevin Diffusion into a sampling algorithm, we need to discretize (Euler-Maruyama method) it:
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Langevin Monte Carlo

To turn the Langevin Diffusion into a sampling algorithm, we need to discretize (Euler-Maruyama method) it:
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Langevin Monte Carlo

We can construct the Unadjusted Langevin Algorithm (ULA) based on the Euler-Maruyama discretization:

<latexit sha1_base64="YE40Ly+tWeQ+ulRjVnsz7crYM24="></latexit>

Given initial sample x0, step size ⌘
for t = 0, . . . , T � 1 do

✏t ⇠ N (0, I)
xt+1 = xt + ⌘r log p✓(x) +

p
2⌘✏t

end
Return xT

<latexit sha1_base64="0WHYHg/j90OGhHdj8UxDGvsETXE="></latexit>

xt+⌘ = xt + ⌘r log p✓(xt) +
p

2⌘✏
<latexit sha1_base64="bP3HhmSV3Ikyxe8NA97gNNjiVao="></latexit>

✏ ⇠ N (0, I)



Langevin Monte Carlo

We can construct the Unadjusted Langevin Algorithm (ULA) based on the Euler-Maruyama discretization:
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Langevin Monte Carlo

We can construct the Unadjusted Langevin Algorithm (ULA) based on the Euler-Maruyama discretization:

One can also perform Metropolis-Hasting to ensure detailed balance, which implies stationary distribution, 
leading to Metropolis-adjusted Langevin Algorithm (MALA).

But the acceptance probability decreases as the dimension increases, making it impractical in deep learning.
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Outline

• Classic EBMs

• EBMs with Discrete Observable Variables and Discrete Latent Variables: RBMs
• Inference: Gibbs Sampling
• Learning: Contrastive Divergence
• EBMs with Continuous Observable Variables and Discrete Latent Variables : GRBMs

• Modern EBMs

• EBMs with Learnable Energy Functions
• Inference: Langevin Monte Carlo (LMC) 
• Learning: Contrastive Divergence



Learning Deep EBMs

To learn deep EBMs, we still resort to maximum likelihood and contrastive divergence:
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Learning Deep EBMs

Since we care about
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Learning Deep EBMs

Since we care about

We have the gradient:
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Learning Deep EBMs

Since we care about

We have the gradient:
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Positive Gradient: sample from the data distribution

Negative Gradient: sample from the model distribution

We can still use Contrastive Divergence (CD) [6], with Langevin Monte Carlo sampling.



Inference & Learning Deep EBMs

In summary, we need score function (derivatives of energy w.r.t. data) in sampling:
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Inference & Learning Deep EBMs

In summary, we need score function (derivatives of energy w.r.t. data) in sampling:

We need score function and derivatives of energy w.r.t. parameters in learning:
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Inference & Learning Deep EBMs

In summary, we need score function (derivatives of energy w.r.t. data) in sampling:

We need score function and derivatives of energy w.r.t. parameters in learning:
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Inference & Learning Deep EBMs

In summary, we need score function (derivatives of energy w.r.t. data) in sampling:

We need score function and derivatives of energy w.r.t. parameters in learning:

They are available as long as the energy function is differentiable!
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Image Generation of Deep EBMs

Results on CIFAR10 and LSUN datasets [19] 



Image Completion of Deep EBMs

Results on LSUN and CelebA [19]: 
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