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Introduction & Background

Language Model (LM) learns a probability distribution over sequences of tokens.
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sequence of tokens:
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Introduction & Background

Language Model (LM) learns a probability distribution over sequences of tokens.

For a vocabulary     of a set of tokens                             , the LM learns the joint probability for each 

sequence of tokens:

Each token can represent a word. For example:

The objective of language modeling is intuitively simple, but it becomes significantly complex as we scale up 

the size of the vocabulary and the sequence length. 

Just imagine all the possible language and word combinations!
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Introduction & Background

Language Model (LM) learns a probability distribution over sequences of tokens.

For a vocabulary     of a set of tokens                             , the LM learns the joint probability for each 

sequence of tokens:

Each token can represent a word. For example:

The assigned probability indicates two types of knowledge:

1) Syntactic knowledge, which involves reasoning over ungrammatical sequences.

2) World knowledge, which pertains to reasoning over semantic plausibility.
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Introduction & Background

Modern Large Language Models (LLMs) are typically autoregressive models, which model the joint 

distribution               using the chain rule of probability: 
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Introduction & Background

Modern Large Language Models (LLMs) are typically autoregressive models, which model the joint 

distribution               using the chain rule of probability: 

For example:

Particularly, we learn a conditional probability distribution for the next token:

We typically use a single feedforward neural network (such as transformers) to model such conditional 

distributions.
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Introduction & Background

Modern LLMs size has increase more than 5000x in last 4 years. 

Image Credit: [1]
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Introduction & Background

As LLMs get more powerful, will they lead to Artificial General Intelligence (AGI)?

Image Credit: [2, 3, 4]
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Tokenization

Recall the previous example on vocabulary:

A tokenizer converts string (natural language representations) into machine-readable tokens:
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Tokenization

Recall the previous example on vocabulary:

A tokenizer converts string (natural language representations) into machine-readable tokens:

Practical concerns: split by spaces don’t work in general.

1. Some languages don’t have spaces between words.

 English: What is machine learning? Chinese: 什么是机器学习？ Japanese: 機械学習とは何ですか？
2. Special cases like hyphenated words (e.g.,  GPT-4) or contractions (e.g., don’t).
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Tokenization

Recall the previous example on vocabulary:

A tokenizer converts string (natural language representations) into machine-readable tokens:

Practical concerns: split by spaces don’t work in general.

1. Some languages don’t have spaces between words.

 English: What is machine learning? Chinese: 什么是机器学习？ Japanese: 機械学習とは何ですか？
2. Special cases like hyphenated words (e.g.,  GPT-4) or contractions (e.g., don’t).

We need a more principled approach to tokenization, ensuring that we have neither too many nor too few tokens, 

with each token representing a linguistically meaningful unit.
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Tokenization

Here we introduce byte pair encoding (BPE) algorithm, which is one of the most popular tokenizers and has been 

used in OpenAI’s products such as GPT-4.
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Tokenization

Example of BPE learning: 

Step 1: [t, h, e, ␣, c, a, r], [t, h, e, ␣, c, a, t], [t, h, e, ␣, r, a, t]

Step 2: [th, e, ␣, c, a, r], [th, e, ␣, c, a, t], [th, e, ␣, r, a, t] (th occurs 3x)

Step 3: [the, ␣, c, a, r], [the, ␣, c, a, t], [the, ␣, r, a, t] (the occurs 3x)

Step 4: [the, ␣, ca, r], [the, ␣, ca, t], [the, ␣, r, a, t] (ca occurs 2x)

…
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Tokenization

Example of BPE learning: 

Step 1: [t, h, e, ␣, c, a, r], [t, h, e, ␣, c, a, t], [t, h, e, ␣, r, a, t]

Step 2: [th, e, ␣, c, a, r], [th, e, ␣, c, a, t], [th, e, ␣, r, a, t] (th occurs 3x)

Step 3: [the, ␣, c, a, r], [the, ␣, c, a, t], [the, ␣, r, a, t] (the occurs 3x)

Step 4: [the, ␣, ca, r], [the, ␣, ca, t], [the, ␣, r, a, t] (ca occurs 2x)

…

Results:

• Updated vocabulary: [a, c, e, h, t, r, ca, th, the]

• The merges that we made (important for applying the tokenizer):

 t, h ⇒ th

 th, e ⇒ the

 c, a ⇒ ca

In practice, we run BPE on the byte level encoding of all Unicode characters to handle multilingual tasks.

Example in Chinese:

今天 [gloss: today]

[x62, x11, 4e, ca]
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Tokenization

Off-the-shelf BPE has a vocabulary size of 50K.

Example of open-sourced BPE from OpenAI:

Image Credit: [5]
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Rotary Positional Encoding

Recall the sinusoidal positional encoding for transformer:

i
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o

s

Image Credit: [6]
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Rotary Positional Encoding

Problems with Positional Encoding:

• Fixed sinusoidal embeddings can theoretically handle sequences of arbitrary lengths. However, models 

often underperform when sequence lengths greatly differ from those in the training data.

• It only encodes the absolute position of a token within a sequence.
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Rotary Positional Encoding

Problems with Positional Encoding:

• Fixed sinusoidal embeddings can theoretically handle sequences of arbitrary lengths. However, models 

often underperform when sequence lengths greatly differ from those in the training data.

• It only encodes the absolute position of a token within a sequence.

Rotary Positional Embeddings (RoPE) [24] are proposed to address such limitations:

• It encodes absolute position with a rotation matrix

• It encodes the explicit relative position dependency in self-attention
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1. Encode absolute position with a rotation matrix:

Rotary Positional Encoding
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1. Encode absolute position with a rotation matrix:

2. Apply rotation to token embedding:

Rotary Positional Encoding
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1. Encode absolute position with a rotation matrix:

2. Apply rotation to token embedding:

The inner product within the self-attention encodes the relative position: 

Rotary Positional Encoding
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Rotary Positional Encoding
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Image Credit: [24]



Rotary Positional Encoding

Code of RoPE:

RoPE rotates each token's embedding based on its position in the sequence. 

Imagine the RoPE is like a clock with multiple hands. Each hand rotates at a different speed (different 

frequencies). Every token in your sequence corresponds to a specific clock hand.

Impact on dot-product in attention: closer positions -> closer angles -> higher dot product -> higher relevance.
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Architecture

Modern LLMs architectures are based on transformers.

Image Credit: [7]
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Architecture

Type 1: encoder-only.

These LMs generate contextual embeddings from given inputs.

where                               is the embedding function for input tokens. 

Use of encoder-only LMs:

• Sentiment analysis

• Natural language inference

Advantage: bidirectional context embeddings for each token in the input sequence.

Limit: cannot directly generate text and require specific training objectives.
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Architecture

Type 1: encoder-only.

Image Credit: [8]
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Architecture

Type 2: decoder-only.

They are standard autoregressive LMs that generate both contextual embedding and a conditional 

distribution for next token.

Use of decoder-only LMs:

• Text autocomplete

Advantage: natural text generation.

Limit: unidirectional context embedding depending on the left part           .
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Architecture

Type 3: encoder-decoder.

They use bidirectional contextual embeddings and can naturally generate next token as output.

Use of decoder-only LMs:

• Table-to-text generation

Advantage: bidirectional context embeddings; natural generation of text.

Limit: require specific training objectives.
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Architecture

Type 3: encoder-decoder.

Image Credit: [8]
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Architecture

Powerful conversional LLMs (e.g., ChatGPT, LLaMA) are mainly driven by decoder-only models.

Image Credit: [8]
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Sampling

Suppose we train a decoder-only LLM like GPT-3, how can we generate next token one by one?
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Sampling

Suppose we train a decoder-only LLM like GPT-3, how can we generate next token one by one?

• Greedy Sampling

• Beam Search

• Top-K

• Nucleus Sampling

……
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Greedy Sampling

Denoting the model as                         , we “sample” the token with maximum conditional probability: 
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Beam Search

Image Credit: [9]
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Beam Search

Denoting the model as                        , we have
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Top-K Sampling

Denoting the model as                        , we restrict the support to top-K candidate tokens:

Image Credit: [10]
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Top-K Sampling

Denoting the model as                        , we have
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Nucleus (Top-P) Sampling

Following top-K sampling, nucleus sampling [11] dynamically changes K so that their probabilities sum 

exceeds some threshold:

Image Credit: [10]
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Nucleus (Top-P) Sampling

Denoting the model as                        , we have
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Loss Function

We train decoder-only LLMs (e.g., GPT3 [12]) to predict the next token by minimizing negative log 

likelihood:

49



Loss Function

We train decoder-only LLMs (e.g., GPT3 [12]) to predict the next token by minimizing negative log 

likelihood:

For encoder-only and encoder-decoder LLMs (e.g., BERT [13], BART [14], and T5 [15]), they do 

mostly masked language modeling, i.e., predicting the masked tokens:

Image Credit: [15]
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Scaling Law

Hyperparameter tuning for LLMs has a huge cost!

Scaling law [16, 17] allows fast prediction of model performances, e.g., validation loss L, from the 

dataset size D, computational cost C, and the number of parameters N. 

Dataset Size 
tokens

Parameters 
non-embedding

Compute 
PF-days, non-embedding

T
e

s
t 

L
o

s
s

Image Credit: [17]
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Scaling Law

Hyperparameter tuning for LLMs has a huge cost!

Scaling law [16, 17] allows fast prediction of model performances, e.g., validation loss L, from the 

dataset size D, computational cost C, and the number of parameters N. 

Dataset Size 
tokens

Parameters 
non-embedding

Compute 
PF-days, non-embedding

T
e

s
t 

L
o

s
s

Power law 𝑦 = 𝑎𝑥𝑘 appears as straight lines in log-log plot!

Image Credit: [17]
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Scaling Law

Many factors, e.g., the architecture, could affect the scaling law. 

Dataset Size 
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Parameters 
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Image Credit: [17]
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Scaling Law

Many factors, e.g., the architecture, could affect the scaling law. 

GPT 3 (175B)
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Image Credit: [17]
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Scaling Law

Many factors, e.g., the architecture, could affect the scaling law. But the exponent seems quite stable! 

GPT 3 (175B)

Dataset Size 
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Parameters 
non-embedding
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Image Credit: [17]
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Low Rank Adaptation (LoRA)

Fine-tuning LLMs is computationally expensive!

When adapting LLMs to a specific task, pre-trained 

LLMs have a low ``intrinsic dimension” [18]
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Low Rank Adaptation (LoRA)

Fine-tuning LLMs is computationally expensive!

When adapting LLMs to a specific task, pre-trained 

LLMs have a low ``intrinsic dimension” [18]

LoRA [19] thus learns a low-rank weight update: Pretrained 
Weights

𝑊 ∈ℝ𝑑×𝑑

x

h

𝐵 = 0

𝐴 = 𝒩(0,𝜎2 )

𝑑

𝑟

Pretrained 
Weights

𝑊 ∈ℝ𝑑×𝑑

x

f(x)

𝑑

Image Credit: [19]
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Low Rank Adaptation (LoRA)

Fine-tuning LLMs is computationally expensive!

When adapting LLMs to a specific task, pre-trained 

LLMs have a low ``intrinsic dimension” [18]

LoRA [19] thus learns a low-rank weight update: Pretrained 
Weights

𝑊 ∈ℝ𝑑×𝑑

x

h

𝐵 = 0

𝐴 = 𝒩(0,𝜎2 )

𝑑

𝑟

Pretrained 
Weights

𝑊 ∈ℝ𝑑×𝑑

x

f(x)

𝑑

Frozen

Learnable

Image Credit: [19]
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Markov Decision Process

Almost all RL problems can be formalized as Markov decision processes (MDPs).
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Almost all RL problems can be formalized as Markov decision processes (MDPs).

A Markov decision process (MDP) is a tuple

•      is a finite set of states

•      is a finite set of actions

•      is a state transition probability matrix

•      is a reward function

•                  is a discount factor
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•      is a reward function
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Markov Property: The future is 

independent of the past given the present!
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Markov Decision Process

Almost all RL problems can be formalized as Markov decision processes (MDPs).

A Markov decision process (MDP) is a tuple

•      is a finite set of states

•      is a finite set of actions

•      is a state transition probability matrix

•      is a reward function

•                  is a discount factor

MDP describes an environment where all states are Markov and can be extended to:

• countably infinite states and or action spaces

• continuous state and or action spaces

• continuous time (requires partial differentiable equations)

• partially observable (POMDPs)

Markov Property: The future is 

independent of the past given the present!
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Markov Decision Process

Return: the total discounted reward from time t 
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convenient, avoid infinite returns, 

uncertainty about the future……
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Markov Decision Process

Return: the total discounted reward from time t 

Policy: the distribution over actions given states

Value (a.k.a., State-Value) function: the expected return starting from state s and then following policy  

Optimal value function
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We assume stationary policies
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Markov Decision Process

Return: the total discounted reward from time t 

Policy: the distribution over actions given states

Value (a.k.a., State-Value) function: the expected return starting from state s and then following policy  

Optimal value function

Q (a.k.a. Action-Value) function: the expected return starting from state 𝑠, taking an action 𝑎, and then 

following policy

Why discount? Mathematically 

convenient, avoid infinite returns, 
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We assume stationary policies
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Markov Decision Process

Return: the total discounted reward from time t 

Policy: the distribution over actions given states
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Optimal value function
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Optimal Q function
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uncertainty about the future……

We assume stationary policies
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Markov Decision Process

Return: the total discounted reward from time t 

Policy: the distribution over actions given states
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Optimal Q function

Why discount? Mathematically 

convenient, avoid infinite returns, 

uncertainty about the future……

We assume stationary policies

What is the relationship between the value function and Q function?
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Markov Decision Process

Return: the total discounted reward from time t 

Policy: the distribution over actions given states

Value (a.k.a., State-Value) function: the expected return starting from state s and then following policy  

Optimal value function

Q (a.k.a. Action-Value) function: the expected return starting from state 𝑠, taking an action 𝑎, and then 

following policy

 

Optimal Q function

Why discount? Mathematically 

convenient, avoid infinite returns, 

uncertainty about the future……

We assume stationary policies

What is the relationship between the value function and Q function?
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Optimal Policy

Optimal value function

Optimal Q function

One can define a partial ordering over policies

Image Credit: [12]
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Optimal Policy

Optimal value function

Optimal Q function

If we know                 , an optimal policy can be found:
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Optimal Policy

Optimal value function

Optimal Q function

If we know                 , an optimal policy can be found:

Why?
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Optimal Policy

Optimal value function

Optimal Q function

If we know                 , an optimal policy can be found:

Because                                                      is a convex combination of                  , we have

and the equality holds only if the policy is optimal.

Why?
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Optimal Policy

Optimal value function

Optimal Q function

If we know                 , an optimal policy can be found:

• There is always a deterministic optimal policy for any MDP.

• There can be multiple actions that maximize                 , we can just pick any of these.
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RL Taxonomy

Image Credit: Murphy, K.P., 2023. Probabilistic machine learning: Advanced topics. MIT Press.
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Policy Gradient Methods

In policy based methods, we directly parameterize the policy and learn it to maximize some reward.
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• Can learn stochastic policies
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In policy based methods, we directly parameterize the policy and learn it to maximize some reward.

Advantages:

 

• Better convergence properties

• Effective in high-dimensional or continuous action spaces

• Can learn stochastic policies

Disadvantages:

• Often converge to local rather than global optimum

• Evaluating a policy is typically inefficient and high variance
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Policy Gradient Methods

In policy based methods, we directly parameterize the policy and learn it to maximize some reward.

Given a trajectory    , let us consider the simple expected reward:

Log derivative trick:
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Policy Gradient Methods

Let us substitute

We have

We use the Monte Carlo Approximation. This is known as REINFORCE algorithm [25]!
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We have
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Reward-to-go: my current policy can 

not change past rewards (causality)!
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Reducing Variance

Policy gradient typically has a high variance due to the Monte Carlo approximation in high dimension.

To reduce the variance, a common approach is the control variate method, a.k.a., baseline.

We can compute the average reward as a baseline: 

We then subtract the baseline:

This works since

Reward-to-go: my current action can 

not change past rewards (causality)!

Since the baseline does not depend on the 

action, subtracting the baseline still leads to 

an unbiased estimator. By carefully choosing 

the baseline, we can reduce the variance!
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Actor-Critic Methods

Recall policy gradient:

Since                                                                  , the reward-to-go is a single-sample estimation of Q.

Q is the true expected reward-to-go and we can use more samples to estimate it!

Following the idea of reducing variance via baselines, we introduce the advantage:

where the value does not depend on the action, thus serving as the baseline.

We can estimate the value based on:

Since subtracting a baseline still gives us an unbiased estimator, we have:

Image Credit: https://rail.eecs.berkeley.edu/deeprlcourse/deeprlcourse/static/slides/lec-6.pdf
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How to estimate the advantage function?

Based on the TD error (1-step advantage), we can reduce it to estimating the value function!

How to estimate the value? We can learn a value network to fit the (Monte Carlo) Policy Evaluation! 

The target can be estimated from rollout:

• Vanilla

• Bootstrap

Actor-Critic Methods

Temporal Difference (TD) error!

current value network
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How to estimate the advantage function?

Generalized Advantage Estimation (GAE): It takes an exponentially weighted average of these estimated 

advantages, controlled by the decay hyperparameter

K-step discounted TD Error



Actor-Critic Methods

To compute the target for Generalized Advantage Estimation (GAE):

1. Collect rewards and compute values in parallel for the entire trajectory using the current value network

2. 

3.

The final loss is 
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Advanced Policy Gradient Methods

What is wrong with the Policy Gradient besides high variance?

Similar to other optimization methods, step sizes matter for convergence!

• Natural Policy Gradient [26]: Preconditioning with Fisher-Information Matrix

• Trust Region Policy Optimization (TRPO) [27]: select 𝜖 and solve for the optimal 𝛼 while solving                       

using conjugate gradient
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Proximal Policy Optimization (PPO)

Proximal Policy Optimization (PPO) [28]: turn the constrained optimization in TRPO into an 

unconstrained one (with clipped loss) and use modern 1st-order optimizers like Adam.

Replace reward-to-go with the advantage:

The gradient corresponds to the 

Conservative Policy Iteration (CPI) objective:

Following TRPO, we constrain the change of distribution by clipping the ratio:



Demo

Simulated Continuous Control in Mujoco using PPO and Graph Neural Networks:
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Reinforcement Learning from Human Feedback (RLHF)

Fine-tuning LLMs with RLHF [e.g., 20] can align them with human values! 
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Reinforcement Learning from Human Feedback (RLHF)

Fine-tuning LLMs with RLHF [e.g., 20] can align them with human values! 

It involves three steps:

• Pretraining a LLM 

e.g., one curate a preferable text dataset

Image Credit: [21]
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Reinforcement Learning from Human Feedback (RLHF)

Fine-tuning LLMs with RLHF [e.g., 20] can align them with human values! 

It involves three steps:

• Pretraining a LLM

• Training a reward model

o OpenAI uses 175B LM and 6B reward model 

o Anthropic used LM and reward models from 

10B to 52B

o DeepMind uses 70B Chinchilla models for 

both LM and reward

Image Credit: [21]
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Reinforcement Learning from Human Feedback (RLHF)

Fine-tuning LLMs with RLHF [e.g., 20] can align them with human values! 

It involves three steps:

• Pretraining a LLM

• Training a reward model

• Fine-tuning LLM with RL 

RL policy generates text, and that text is fed into the 

initial model to produce its relative probabilities for 

the KL penalty

Image Credit: [21]
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Prompting

Prompts are the input to LLMs, of which the quality significantly affects the output of LLMs.

Designing effective prompts to instruct LLMs to perform a desired task is often referred to as prompt engineering.
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Prompts are the input to LLMs, of which the quality significantly affects the output of LLMs.

Designing effective prompts to instruct LLMs to perform a desired task is often referred to as prompt engineering.

Zero/Few-shot prompting:

Ask it directly!

Image Credit: [22]
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Designing effective prompts to instruct LLMs to perform a desired task is often referred to as prompt engineering.
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Ask it directly!
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Zero/Few-shot Prompting

Prompts are the input to LLMs, of which the quality significantly affects the output of LLMs.

Designing effective prompts to instruct LLMs to perform a desired task is often referred to as prompt engineering.

Zero/Few-shot prompting:

Ask it directly!

Ask with some guiding examples!

Image Credit: [22]
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Chain-of-Thought (CoT) Prompting

CoT prompting [23] enables complex reasoning capabilities through intermediate reasoning steps:

Image Credit: [23]
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Chain-of-Thought (CoT) Prompting

CoT prompting [23] enables complex reasoning capabilities through intermediate reasoning steps:

Image Credit: [22]
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