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Introduction & Background

Language Model (LM) learns a probability distribution over sequences of tokens.
For a vocabulary V' of a set of tokens {1, 2, - - - , xy |}, the LM learns the joint probability for each
sequence of tokens:

p(x1,...,2L).
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Introduction & Background

Language Model (LM) learns a probability distribution over sequences of tokens.
For a vocabulary V' of a set of tokens {1, 2, - - - , xy |}, the LM learns the joint probability for each
sequence of tokens:

p(x1,...,2L).

Each token can represent a word. For example:

V' = {ate, ball, cheese, mouse, the}
p(the, mouse, ate, the, cheese) = 0.02,
p(the, cheese, ate, the, mouse) = 0.01,
p(mouse, the, the, cheese, ate) = 0.0001,

The objective of language modeling is intuitively simple, but it becomes significantly complex as we scale up
the size of the vocabulary and the sequence length.

Just imagine all the possible language and word combinations!



Introduction & Background

Language Model (LM) learns a probability distribution over sequences of tokens.
For a vocabulary V' of a set of tokens {1, 2, - - - , xy |}, the LM learns the joint probability for each
sequence of tokens:

p(x1,...,2L).

Each token can represent a word. For example:

V' = {ate, ball, cheese, mouse, the}
p(the, mouse, ate, the, cheese) = 0.02,
p(the, cheese, ate, the, mouse) = 0.01,
p(mouse, the, the, cheese, ate) = 0.0001,

The assigned probability indicates two types of knowledge:
1) Syntactic knowledge, which involves reasoning over ungrammatical sequences.
2) World knowledge, which pertains to reasoning over semantic plausibility.



Introduction & Background

Modern Large Language Models (LLMs) are typically autoregressive models, which model the joint
distribution p(x1.1,) using the chain rule of probability:
L
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Introduction & Background

Modern Large Language Models (LLMs) are typically autoregressive models, which model the joint
distribution p(x1.1,) using the chain rule of probability:

p(SI?l;L) = p($1)p($2 \ xl)p(fbs \ 5171,5132) s 'p(xL \ $1;L—1) = Hp(ﬂiz | T1—1)

For example:
p(the, mouse, ate, the, cheese) = p(the)

p

(
(mouse | the)
p(ate | the, mouse)
(
(

the | the, mouse, ate)

s

p(cheese | the, mouse, ate, the).

Particularly, we learn a conditional probability distribution for the next token:
p(w; | w1:4-1)

We typically use a single feedforward neural network (such as transformers) to model such conditional
distributions.



Introduction & Background

Modern LLMs size has increase more than 5000x in last 4 years.

@ Amazon-owned @ Anthropic @ Apple @ Chinese © Google @ Meta [ Facebook @ Microsoft @ OpenAl @ Other

Image Credit: [1]

BOTS — BenderBot] @ e o ® 00 @ @ ’ o®
PLATO-XL Crat(Bard® BingChar*
BlenderBot3

Ernie Bot 3.5
e
WuDao 2.0 k \

A
billion parameters

| Gopher Exaone o
. . Falcon 180B
PanGu-Alpha -

Y
. 4
Glam
PaLM2
PaLM Mistral-large
— 530B

. Emie 3.0 Titan SenseChat
- 175 Billion } -

o @ @ @
_GPT-3 O (‘\1 OPT—IML. Claude 21 () 1758
A ¢ @

LaMDA  FLAN
‘ Galactica IDEFICS
© o o & O6

GPT-5*

Llama 3*

Olympus*

en1s
@ s G3PO
xiarge NLLB-200 LidMZetM  LlaMa2 g @ Mistral-gmal
Falcon LLM
GPT-MeoX - AlexaTM
@
@ @ * MM
/ @®@mGPT ©C  e@¢ Doly20 Orca2@e
; GPT-2 ¢  Codex ® @ @ 200 @0 @
i (o] ] GPT-J @y [ Alpaca Sail-7B MGIE
BERT T5 Megatron-118 WelM Atlas
t
pre-2020 2020 21 22 23 2024 TBC
David McCandless, Tom Evans, Paul Barton source: news reports, LifeArchitect.ai

Information is Beautiful // UPDATED 20th Mar 24

* = parameters undisclosed // see the data

10



Introduction & Background

As LLMs get more powerful, will they lead to Artificial General Intelligence (AGI)?

Sparks of Artificial General Intelligence:
Early experiments with GPT-4

Sébastien Bubeck Varun Chandrasekaran Ronen Eldan Johannes Gehrke
Eric Horvitz Ece Kamar Peter Lee Yin Tat Lee Yuanzhi Li Scott Lundberg

Harsha Nori Hamid Palangi Marco Tulio Ribeiro Yi Zhang
Microsoft Research
@OpenAl Research~ APl~ ChatGPTv Safety Companyw Search Logina | TryChatGPT 2

Blglanning for
AGI and beyond

Our mission is to ensure that artificial general intelligence—
Al systems that are generally smarter than humans—
benefits all of humanity.

Image Credit: [2, 3, 4]
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Solving olympiad geometry without human
demonstrations

https://doi.org/10.1038/s41586-023-06747-5  Trieu H. Trinh**=, Yuhuai Wu', Quoc V. Le', He He & Thang Luong'®

Received: 30 April 2023

Proving mathematical theorems at the olympiad level represents a notable milestone
inhuman-level automated reasoning'™*, owing to their reputed difficulty among the
world’s best talents in pre-university mathematics. Current machine-learning
approaches, however, are not applicable to most mathematical domains owing to the
high cost of translating human proofs into machine-verifiable format. The problem s
evenworse for geometrybecause of its unique translation challenges'’, resulting in
severe scarcity of training data. We propose AlphaGeometry, a theorem prover for
Euclidean plane geometry that sidesteps the need for human demonstrations by
synthesizing millions of theorems and proofs across different levels of complexity.
AlphaGeometry is aneuro-symbolic system that uses a neural language model,
trained from scratch on our large-scale synthetic data, to guide a symbolic deduction
enginethrough infinite branching points in challenging problems. On a test set of

30 latest olympiad-level problems, AlphaGeometry solves 25, outperforming the
previous best method that only solves ten problems and approaching the performance
of an average International Mathematical Olympiad (IMO) gold medallist. Notably,
AlphaGeometry produces human-readable proofs, solves all geometry problemsin
the IMO 2000 and 2015 under human expert evaluation and discovers a generalized
version of a translated IMO theorem in 2004.

Accepted: 13 October 2023

Published online: 17 January 2024

Open access
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Tokenization

Recall the previous example on vocabulary:

V' = {ate, ball, cheese, mouse, the}

A tokenizer converts string (natural language representations) into machine-readable tokens:

the mouse ate the cheese = [the, mouse, ate, the, cheese



Tokenization

Recall the previous example on vocabulary:
V' = {ate, ball, cheese, mouse, the}
A tokenizer converts string (natural language representations) into machine-readable tokens:
the mouse ate the cheese = [the, mouse, ate, the, cheese
Practical concerns: split by spaces don’t work in general.
1. Some languages don’t have spaces between words.
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2. Special cases like hyphenated words (e.g., GPT-4) or contractions (e.g., don t).



Tokenization

Recall the previous example on vocabulary:
V' = {ate, ball, cheese, mouse, the}
A tokenizer converts string (natural language representations) into machine-readable tokens:
the mouse ate the cheese = [the, mouse, ate, the, cheese
Practical concerns: split by spaces don’t work in general.
1. Some languages don’t have spaces between words.
English: What is machine learning? Chinese: ft A 21|88 > ? Japanese: M= & (ZATI M ?

2. Special cases like hyphenated words (e.g., GPT-4) or contractions (e.g., don t).

We need a more principled approach to tokenization, ensuring that we have neither too many nor too few tokens,
with each token representing a linguistically meaningful unit.



Tokenization

Here we introduce byte pair encoding (BPE) algorithm, which is one of the most popular tokenizers and has been
used in OpenAl’s products such as GPT-4.

1: Input: A training corpus composed of character sequences.
Initialization: Treat each character as an individual token. Establish ini-
tial vocabulary V' as the set of distinct characters.
while V needs expansion do
Identify the most frequently co-occurring pair of elements x, 2’ € V.
Replace every instance of x, 2’ with a new symbol zx’.
Add the new symbol zx’ to V.
end while

N




Tokenization

Example of BPE learning:
Step 1: [t,h,e, _,c,a, r],[t,hye, _,,c,a,t],[t,h e
Step 2: [th, e, _,,c,a, 1], [thye, _,c,a,t],[th e
Step 3: [the, _,, ¢, a, 1], [the, _,, ¢, a, t], [the
Step 4: [the, _,, ca, r], [the ca, t], [the

, 1, a, t]

, _» I, a, t] (th occurs 3x)
, _,T,a,t] (the occurs 3x)

1, a, t] (ca occurs 2x)

9 ) 9 a9



Tokenization

Example of BPE learning:
Step 1: [t,h,e, _,c,a, r],[t,hye, _,,c,a,t],[t,h e
Step 2: [th, e, _,,c,a, 1], [thye, _,c,a,t],[th e
Step 3: [the, _,, ¢, a, 1], [the, _,, ¢, a, t], [the
Step 4: [the, _,, ca, r], [the ca, t], [the

, 1, a, t]

, _» I, a, t] (th occurs 3x)
, _,T,a,t] (the occurs 3x)

1, a, t] (ca occurs 2x)

9 ) 9 b

Results:

* Updated vocabulary: [a, ¢, €, h, t, 1, ca, th, the]

e The merges that we made (important for applying the tokenizer):
t,h =>th
th, e = the
¢, a =ca

In practice, we run BPE on the byte level encoding of all Unicode characters to handle multilingual tasks.
Example in Chinese:

4K [gloss: today]
[x62, x11, 4e, ca]



Tokenization

Off-the-shelf BPE has a vocabulary size of 50K.

Example of open-sourced BPE from OpenAl:

Large language models are one of the most significant inventions of this
decade.

Clear Show example

Tokens Characters

14 80

Large language models are one of the most significant inventions of this

decade.

Image Credit: [5]
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Rotary Positional Encoding

Recall the sinusoidal positional encoding for transformer:

| . Y 100 120
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PE(ps,2) = sin(pos /IOOOOZi/dmodel)
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PE (405 2i1+1) = cos(pos/ 100002i/dm0del)
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Rotary Positional Encoding

Problems with Positional Encoding:

* Fixed sinusoidal embeddings can theoretically handle sequences of arbitrary lengths. However, models
often underperform when sequence lengths greatly differ from those in the training data.

* It only encodes the absolute position of a token within a sequence.



Rotary Positional Encoding

Problems with Positional Encoding:

* Fixed sinusoidal embeddings can theoretically handle sequences of arbitrary lengths. However, models
often underperform when sequence lengths greatly differ from those in the training data.

* It only encodes the absolute position of a token within a sequence.
Rotary Positional Embeddings (RoPE) [24] are proposed to address such limitations:
* It encodes absolute position with a rotation matrix

* It encodes the explicit relative position dependency in self-attention



Rotary Positional Encoding

1. Encode absolute position with a rotation matrix:

{ cosmf; —sinmb; 0 0
sinmf;  cosmb; 0 0
0 0 cosmby — sinmb,
RY = 0 0 sinmfy  cosmbs
0 0 0 0
\ 0 0 0 0

0 0

0 0 \

0 0

0 0
cosmby o, —sinmbg s

sinmbg,  cosmbg)o )



Rotary Positional Encoding

1. Encode absolute position with a rotation matrix:

{ cosmf; —sinmb; 0 0 0 0 \
sinmf;  cosmb; 0 0 0 0
0 0 cosmby — sinmb, 0 0
Rd@ = 0 0 sinmfs  cosmbs 0 0
0 0 0 0 cosmby o, —sinmbg s
\ 0 0 0 0 oo osinmbgn cosmbgo )

2. Apply rotation to token embedding:
f{q,k} (.’Bm, m) — Rd@,mW{q,k}wm



Rotary Positional Encoding

1. Encode absolute position with a rotation matrix:

{ cosmf; —sinmb; 0 0 0 0 \
sinmf;  cosmb; 0 0 0 0
0 0 cosmby — sinmb, 0 0
Rd@ = 0 0 sinmfs  cosmbs 0 0
0 0 0 0 cosmby o, —sinmbg s
\ 0 0 0 0 oo osinmbgn cosmbgo )

2. Apply rotation to token embedding:
f{q,k} (.’Bm, m) — Rd@,mW{q,k}wm

The inner product within the self-attention encodes the relative position:

ql k, = (R%’quwm)T(Rd@,anwn) = xTW, R W,

O.n—m



Rotary Positional Encoding
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Rotary Positional Encoding

Code of RoPE:
1 import numpy as np
2 def rotary_positional_embedding(position, d_model):
3 freqs = np.exp(np.linspace(0., -1., d_model // 2) * np.log(10000.))
4 angles = position * freqs
5 rotary_matrix = np.stack([np.sin(angles), np.cos(angles)], axis=-1)
6 return rotary_matrix.reshape(-1, d_model)

RoPE rotates each token's embedding based on its position in the sequence.

Imagine the RoPE is like a clock with multiple hands. Each hand rotates at a different speed (different
frequencies). Every token in your sequence corresponds to a specific clock hand.

Impact on dot-product in attention: closer positions -> closer angles -> higher dot product -> higher relevance.
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Architecture

Modern LLMs architectures are based on transformers.

Image Credit: [7]
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Architecture

Type 1: encoder-only.

These LMs generate contextual embeddings from given inputs.

T1:.L = ¢(371:L),

where ¢ : VI — R%*L  is the embedding function for input tokens.

Use of encoder-only LMs:

* Sentiment analysis . o
[[CLS], the, movie, was, great| = positive.

* Natural language inference
[[CLS], all, animals, breathe, [SEP], cats, breathe] = entailment.

Advantage: bidirectional context embeddings for each token in the input sequence.
Limit: cannot directly generate text and require specific training objectives.



Architecture

Type 1: encoder-only.

Image Credit: [8]

Input sentence: The curious kitten deftly climbed the bookshelf

|

€@ Pick 15% of the words randomly

N

The curious kitten deftly climbed the bookshelf

/

e e 80% of the time, replace with [MASK] token
* 10% of the time, replace with random token (e.g. ate)
e 10% of the time, keep unchanged

Modified sentence: The curious kitten deftly [MASK] the bookshelf

33



Architecture

Type 2: decoder-only.

They are standard autoregressive LMs that generate both contextual embedding and a conditional

distribution for next token.
L1 = ¢($1:¢),p(fb‘z‘+1 | xl:i)~

Use of decoder-only LMs:

* Text autocomplete ,
[[CLS], the, movie, was] = great

Advantage: natural text generation.
Limit: unidirectional context embedding depending on the left part £1:i—1,



Architecture

Type 3: encoder-decoder.

They use bidirectional contextual embeddings and can naturally generate next token as output.

T1.[, = (b(xl:L)ap(yl:L | ¢($1:L))'

Use of decoder-only LMs:
* Table-to-text generation

[name, :, Clowns, —, eat Type, :, coffee, shop| = [Clowns, is, a, coffee, shop].

Advantage: bidirectional context embeddings; natural generation of text.
Limit: require specific training objectives.
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Architecture

Powerful conversional LLMs (e.g., ChatGPT, LLaMA) are mainly driven by decoder-only models.

Image Credit: [8]
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Sampling

Suppose we train a decoder-only LLM like GPT-3, how can we generate next token one by one?



Sampling

Suppose we train a decoder-only LLM like GPT-3, how can we generate next token one by one?

e Greedy Sampling
* Beam Search
 Top-K

* Nucleus Sampling



Greedy Sampling

Denoting the model as Py (X¢| X <¢) , we “sample” the token with maximum conditional probability:

Algorithm 1 Greedy Sampling

1: Special start token xq, vocabulary V', sequence length T’

2: S = [CC()]

3: fort <+ 1to 1 do

4: ry = argmax,cy Py (Xy=v| Xt =9)

5 S =[S, z¢] > Concatenate the new token
6: end for
7: return S




Beam Search

Image Credit: [9]
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Beam Search

Denoting the model as Py(X;|X~¢), we have

Algorithm 2 Beam Search
1: Special start token xg, beam size B, vocabulary V', sequence length T’

2: § = {[CUO]a O [CE‘()]}

\ - 4
Ve

B

3: fort <+ 1to 71 do

£ C={}

5 for : < 1 to B do

6: N = argsort,cy, Po(Xi=v| X<t = 5i]) > Descending order
7 for j < 1 to B do > Take top B tokens
8 C =CU{[Si],VIN[j]]]} > Concatenate with existing sequence
9 end for

10: end for

11: C = argsort.c.o Po(X<t =c¢) > Descending order
12: S={C[Cljllli=1,...,B} > Take top B subsequences
13: end for

14: return S




Top-K Sampling

Denoting the model as Py(X;|X~¢), we restrict the support to top-K candidate tokens:

Y
I

s

candidate tokens

sample

K=5

Likelihood

clipped tail

ral

RN I
o' @ (s )
éaﬁé@ ‘-’Jq:b & &

Image Credit: [10]
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Top-K Sampling

Denoting the model as Py(X;|X~¢), we have

Algorithm 3 Top-K Sampling

1: Special start token x(, vocabulary V', support size K, sequence length T’

2: S = [560]

3: fort <+ 1to 7 do

4: N =argsort,cyy Po(Xi=v| X< =59) > Descending order
5: for : <~ 1 to K do X

6: P (Xt — V[N[ZH ‘ X<t — S) — Zf:j(Pgt(Xt:[V[[J]\]/‘[j]ﬁ;(Q):S)

7 end for

8 Ty ~~ P

9: S =[5, x4 > Concatenate the new token
10: end for

11: return S




Nucleus (Top-P) Sampling

Following top-K sampling, nucleus sampling [11] dynamically changes K so that their probabilities sum

exceeds some threshold:
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Nucleus (Top-P) Sampling

Denoting the model as Py(X;|X~¢), we have

Algorithm 4 Nucleus Sampling

1: Special start token zq, vocabulary V', threshold p € (0, 1), sequence length

T
2: S = [CI?()]
3: fort <+ 1to 71 do
4: N =argsort,cyy Po(Xi=v| X =59) > Descending order
5 K=ming Y. Pp(Xe=VIN[j]]| Xt =85)>p
6: for i + 1 to K do P (XY N[ X 1)
7 P (X =VIN [ X< = 8) = = 5 R =viniix-.=9)
8: end for
9: Ty ~ P
10: S =[5, x4 > Concatenate the new token
11: end for
12: return S
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[Loss Function

We train decoder-only LLMs (e.g., GPT3 [12]) to predict the next token by minimizing negative log
likelihood:

B T
! i i 1 i
L(#) = B Z = —logpo(zp, Tp_q,....27) = ] ZZ log pg(xt|xt_{,..., %)

1=1 1=1 t=1



[Loss Function

We train decoder-only LLMs (e.g., GPT3 [12]) to predict the next token by minimizing negative log
likelihood:

B B T
i i i 1 0| ol i
L(#) = B E = —logpe(xp, TP_1,...,T]) = B E g —logpo(xi|lXi_1,...,27)

1=1 1=1 t=1

For encoder-only and encoder-decoder LLMs (e.g., BERT [13], BART [14], and T5 [15]), they do
mostly masked language modeling, i.e., predicting the masked tokens:

Objective Inputs Targets

Prefix language modeling Thank you for inviting me to your party last week .

BERT-style Devlin et al. (2018) Thank you <M> <M> me to your party apple week . (original text)

Deshuffling party me for your to . last fun you inviting week Thank  (original text)

MASS-style Song et al. (2019) Thank you <M> <M> me to your party <M> week . (original text)

[i.d. noise, replace spans Thank you <X> me to your party <Y> week . <X> for inviting <Y> last <Z>

[i.d. noise, drop tokens Thank you me to your party week . for inviting last

Random spans Thank you <X> to <Y> week . <X> for inviting me <Y> your party last <Z>

50
Image Credit: [15]



Scaling Law

Hyperparameter tuning for LLMs has a huge cost!

Scaling law [16, 17] allows fast prediction of model performances, e.g., validation loss L, from the
dataset size D, computational cost C, and the number of parameters N.

7
6.
5.

Test Loss

L = (Cnmin/2.3-108)70:050

i0-° 10-7 105 10-3 10-! 10!

Compute
PF-days, non-embedding

Image Credit: [17]



Scaling Law

Hyperparameter tuning for LLMs has a huge cost!

Scaling law [16, 17] allows fast prediction of model performances, e.g., validation loss L, from the
dataset size D, computational cost C, and the number of parameters N.
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Scaling Law

Hyperparameter tuning for LLMs has a huge cost!

Scaling law [16, 17] allows fast prediction of model performances, e.g., validation loss L, from the

dataset size D, computational cost C, and the number of parameters N.
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Scaling Law

Hyperparameter tuning for LLMs has a huge cost!

Scaling law [16, 17] allows fast prediction of model performances, e.g., validation loss L, from the
dataset size D, computational cost C, and the number of parameters N.

7

Test Loss

L = (Cnmin/2.3-108)70:050

1079

Image Credit: [17]
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Scaling Law

Many factors, e.g., the architecture, could affect the scaling law.

Test Loss
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Scaling Law

Many factors, e.g., the architecture, could affect the scaling law.
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Scaling Law

Many factors, e.g., the architecture, could affect the scaling law. But the exponent seems quite stable!
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Low Rank Adaptation (LoRA)

Fine-tuning LLMs is computationally expensive!

When adapting LLMs to a specific task, pre-trained
LLMs have a low "intrinsic dimension” [18]

LoRA [19] thus learns a low-rank weight update:

Image Credit: [19]
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Fine-tuning LLMs is computationally expensive!

When adapting LLMs to a specific task, pre-trained a D %
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Markov Decision Process

Almost all RL problems can be formalized as Markov decision processes (MDPs).

A Markov decision process (MDP) is a tuple <S A PR, fy> Markov Property: The future is
independent of the past given the present!
« S is afinite set of states
A is a finite set of actions
P is a state transition probability matrix =~ P2, = P(S;11 = §'|S; = s, Ay = a)
« R is arew.ard fgnctlon R = E[Ry1|S: = s, Ay = d
v € 10,1} is a discount factor
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Markov Decision Process

Almost all RL problems can be formalized as Markov decision processes (MDPs).

A Markov decision process (MDP) is a tuple <S A PR, fy> Markov Property: The future is
independent of the past given the present!
« S is afinite set of states
A is a finite set of actions
P is a state transition probability matrix =~ P2, = P(S;11 = §'|S; = s, Ay = a)
« R is arew.ard fgnctlon R = E[Ry1|S: = s, Ay = d
v € 10,1} is a discount factor

MDP describes an environment where all states are Markov and can be extended to:

* countably infinite states and or action spaces

e continuous state and or action spaces

e continuous time (requires partial differentiable equations)
» partially observable (POMDPs)
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Return: the total discounted reward from time t Why discount? Mathematically

B o k convenient, avoid infinite returns,
Ge = Rep1 + 782+ 000 = Z Y Retrt uncertainty about the future......
k=0
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Return: the total discounted reward from time t - Why discount? Mathematically
B B k convenient, avoid infinite returns,
G = Repr +yRepp 400 = Z QAR uncertainty about the future......
k=0

Policy: the distribution over actions given states

m(a|s) = P(A; = a|S; = s)
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Return: the total discounted reward from time t - Why discount? Mathematically
B B k convenient, avoid infinite returns,
G = Repr +yRepp 400 = Z QAR uncertainty about the future......
k=0

Policy: the distribution over actions given states

m(als) = P(A; = a|S; = s) We assume stationary policies

Value (a.k.a., State-Value) function: the expected return starting from state s and then following policy 7

Vi(s) = E, [G¢S; = 5]

71



Markov Decision Process

Return: the total discounted reward from time t - Why discount? Mathematically
B B k convenient, avoid infinite returns,
G = Repr +yRepp 400 = Z QAR uncertainty about the future......
k=0

Policy: the distribution over actions given states

m(als) = P(A; = a|S; = s) We assume stationary policies

Value (a.k.a., State-Value) function: the expected return starting from state s and then following policy 7

Vi(s) = E, [G¢S; = 5]

Optimal value function Vi(s) = maxE, [G¢|S; = ]
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Markov Decision Process

Why discount? Mathematically

convenient, avoid infinite returns,

Return: the total discounted reward from time t -
p— o e 0 — k
Gi = Repr +yRey2 + Z Y Rtk uncertainty about the future......
k=0

Policy: the distribution over actions given states
m(als) = P(A; = a|S; = s) We assume stationary policies

Value (a.k.a., State-Value) function: the expected return starting from state s and then following policy 7

Vi(s) = E, [G¢S; = 5]
Optimal value function Vi(s) = maxE, [G¢|S; = ]

O (a.k.a. Action-Value) function: the expected return starting from state s, taking an action a, and then

following policy 7
Qr(s,a) =E; [G|S; = s, Ay = al
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Markov Decision Process

Return: the total discounted reward from time t Why discount? Mathematically

. - L convenient, avoid infinite returns,
Gi=Repr +yBey2 + 0 = Z Y Rtk uncertainty about the future......
k=0
Policy: the distribution over actions given states
m(als) = P(A; = a|S; = s) We assume stationary policies

Value (a.k.a., State-Value) function: the expected return starting from state s and then following policy 7
Vi(s) = E, [G¢S; = 5]
Optimal value function Vi(s) = maxE, [G¢|S; = ]
v
O (a.k.a. Action-Value) function: the expected return starting from state s, taking an action a, and then
following policy 7

Qr(s,a) =E; [G|S; = s, Ay = al

Optimal Q function Q*(S, a) = max E, [Gt|St =5, A; = CL]

74



Markov Decision Process

Why discount? Mathematically

convenient, avoid infinite returns,

Return: the total discounted reward from time t -
p— o e 0 — k
Gi = Repr +yRey2 + Z Y Rtk uncertainty about the future......
k=0

Policy: the distribution over actions given states
m(als) = P(A; = a|S; = s) We assume stationary policies

Value (a.k.a., State-Value) function: the expected return starting from state s and then following policy 7

Vi(s) = E, [G¢S; = 5]
Optimal value function Vi(s) = maxE, [G¢|S; = ]

O (a.k.a. Action-Value) function: the expected return starting from state s, taking an action a, and then
following policy 7

Qr(s,a) =E; [G|S; = s, Ay = al
Optimal Q function Q*(S, a) = max E, [Gt|St =5, A; = CL]

What is the relationship between the value function and Q function?
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Markov Decision Process

Why discount? Mathematically

convenient, avoid infinite returns,

Return: the total discounted reward from time t -
p— o e 0 — k
Gi = Repr +yRey2 + Z Y Rtk uncertainty about the future......
k=0

Policy: the distribution over actions given states
m(als) = P(A; = a|S; = s) We assume stationary policies

Value (a.k.a., State-Value) function: the expected return starting from state s and then following policy 7

Vi(s) = E, [G¢S; = 5]
Optimal value function Vi(s) = maxE, [G¢|S; = ]

O (a.k.a. Action-Value) function: the expected return starting from state s, taking an action a, and then
following policy 7

Qr(s,a) =E; [G|S; = s, Ay = al
Optimal Q function Q*(S, a) = max E, [Gt|St =5, A; = CL]

What is the relationship between the value function and Q function? V. (8) — Z QW (S, a,)7r (CL|S)
a
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Optimal Policy

Optimal value function Vi(s) = max E; |G¢|S; = s]
s

Optimal Q function Q«(s,a) = max E; [Gt]S: = s, Ay = a]

One can define a partial ordering over policies T > <= Vi(s) > Vo(s),Vs

Theorem (Optimal Policies)

For any Markov decision process

» There exists an optimal policy m* that is better than or equal to all other policies,
7 >,V

(There can be more than one such optimal policy.)
» All optimal policies achieve the optimal value function, v™ (s) = v*(s)

» All optimal policies achieve the optimal action-value function, q™ (s, a) = q*(s, a)

Image Credit: [12]



Optimal Policy

Optimal value function Vi(s) = max E; |G¢|S; = s]
v

Optimal Q function Q«(s,a) = maxE, |G¢|S; = s, A; = a]
7T

If we know (. (s, @), an optimal policy can be found:

1 a=a«(s) =argmax Q.(s,a)
T (als) = a
0 otherwise
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Optimal value function Vi(s) = max E; |G¢|S; = s]
v

Optimal Q function Q«(s,a) = maxE, |G¢|S; = s, A; = a]
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If we know (. (s, @), an optimal policy can be found:
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T (als) = a
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Optimal Policy

Optimal value function Vi(s) = max E; |G¢|S; = s]
v

Optimal Q function Q«(s,a) = maxE, |G¢|S; = s, A; = a]
7T

If we know (. (s, @), an optimal policy can be found:

1 a=as(s) =argmax Q.(s,a)

T (als) = a
0 otherwise Why?

Because Vi (s) = Z Qr(s,a)m(als) isaconvex combination of Q= (S,a) , we have
Vi(s) < Qxr(s,ay), a, = argmax Q.(s,a)

a

and the equality holds only if the policy is optimal.



Optimal Policy

Optimal value function Vi(s) = max E; |G¢|S; = s]
v

Optimal Q function Q«(s,a) = maxE, |G¢|S; = s, A; = a]
7T

If we know (. (s, @), an optimal policy can be found:

1 a=a«(s) =argmax Q.(s,a)
T (als) = a
0 otherwise

* There is always a deterministic optimal policy for any MDP.

* There can be multiple actions that maximize () (S, a), we can just pick any of these.



RL Taxonomy

REINFORCEMENT LEARNING

(Model-based RL

Policy Iteration 7g(sS, a)

Markov Decision Process ~ P(s’, s, a)

Actor
Value Iteration V( S) Critic
Dynamic programming
& Bellman optimality
Nonlinear Dynamics
d Deep
- x = f(x(t),u(r),t)dt | | mpc
Optimal Control & HJB

Image Credit: Murphy, K.P., 2023. Probabilistic machine learning: Advanced topics. MIT Press.

[ Model-free RL ‘
Gradient Free
Off Policy
TD(0)
DN O(s,a) TD(0) = MC
TD - A
Q Learning SARSA
Gradient Based
Deep
Policy enew — eot'd + an)RZ 0
Network ’
Policy Gradient Optimization
Deep RL
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Policy Gradient Methods

In policy based methods, we directly parameterize the policy and learn it to maximize some reward.
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* Better convergence properties
» Effective in high-dimensional or continuous action spaces

e Can learn stochastic policies



Policy Gradient Methods

In policy based methods, we directly parameterize the policy and learn it to maximize some reward.

Advantages:
* Better convergence properties
» Effective in high-dimensional or continuous action spaces
e Can learn stochastic policies
Disadvantages:
* Often converge to local rather than global optimum

» Evaluating a policy is typically inefficient and high variance
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In policy based methods, we directly parameterize the policy and learn it to maximize some reward.

Given a trajectory T, let us consider the simple expected reward:

J(0) = . [R(+)] = / By () R()dr

T
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Policy Gradient Methods

In policy based methods, we directly parameterize the policy and learn it to maximize some reward.

Given a trajectory T, let us consider the simple expected reward:

Z Rt(Ata St)

t=1

= EIP’o(S) [T{21 76 (A¢|St)P(St+11S¢,Ar)

Log derivative trick:

_ / Py (T)Vg log Py (T)R(T)dT
=E, [VglogPy(7)R(T)]



Policy Gradient Methods

T T
Let us substitute Po(T) =Po(S) | | mo(Ae|Se)P(Sis1|S:, Ar) R(t) =) Ri(A;,S)
t=1

R(T)]

Vo log (PO(S) Hﬂ'Q(At|St)P<St—|—1|St7 At)) (Z Ry (A, St))]

t=1

t
We have VoJ(0) = E, [VglogPy(T

—E.,




Policy Gradient Methods

T

T
Let us substitute Po(T) =Po(S) | | mo(Ae|Se)P(Sis1|S:, Ar) R(t) =) Ri(A;,S)
t=1

t=1
We have VoJ(0) = E, [V logPe(T)R(T)]

—E, |Vylog (PO(S) [ 70(Ae|S)P(Si41]Se, Ay)

t=1

:]ET <ZV@ 10g7T9<At|St)> (ZRt(Atvst)>

t=1

)

t=1

[ T T
=E, |V <log Po(S) + Y logmo(As|Se) + Y logP(Si41]Sh, At)> <

Z Rt<At7 St))]



Policy Gradient Methods

T T
Let us substitute Py(7T) = Po(S) H 7o (A St)P(Se+1|St, Ar) R(T) = Z R (A, St)
t=1 —

We have Vo J(0) = Er [VglogPy(T)R(T)]

_ T T
=K, | Vglog (]Po H7T9 A Sy)P (St—|—1|StaAt>> (Z Rt<At75t)>]
i t=1 t=1

B T
=E, |V <log Py(S) + Z log 7 (As|Sy) + Z log P(S;41|S:, At)> <Z Ri(Ay, St)
B t=1 t=1 t=1
—E, <Z Vo log g (As|Sy) > (Z Ri(Ay, Sy) >
t=1
N T T
1 i) (i i
NN Z (Z Vo logﬁg(ag )|s§ ))> (Z r§ )>
=1 t=1 t=1

We use the Monte Carlo Approximation. This is known as REINFORCE algorithm [25]!



Policy Gradient Methods

Let us substitute

We have

Vo J(0)

P

o(1) =Po(S) | | w0 (Ae|S)P(Sis1|S:, Ar) R(t) =) Ri(A;,S)

=E, [VglogPy(T)R(T)]
i T T
=E, |Vglog (PO ) | [ 7o (AelS:)P (St+1|st,At>> (Z Rt<At,St)>]
| t=1 t=1
i T
=E, |V <log Py(S) + Z log 7 (As|Sy) + Z log P(S;41|S:, At)> (Z Ry (A, sg)]
i t=1 t=1 t=1
=E, <ZV0 log 7 (A¢|St) > (ZRt(Atast )
| \t=1
1 N N .
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Reducing Variance

N T

T
1 i)y (i i 0-00- :
VoJ(0) ~ N Z (Z Vo log 7re(a§ )|3§ )) K Z rﬁ))}) Reward-to-go: my current action can

i1v)!
i—1 \1—1 i not change past rewards (causality)!

Policy gradient typically has a high variance due to the Monte Carlo approximation in high dimension.



Reducing Variance

N /T T
VoJ(0) ~ 1 Vo log 7y (agi) |3§i)) r;@') Reward-to-go: my current action can
N

i1v)!
i—1 \1—1 i not change past rewards (causality)!

Policy gradient typically has a high variance due to the Monte Carlo approximation in high dimension.

To reduce the variance, a common approach is the control variate method, a.k.a., baseline.



Reducing Variance

N T

T
VoJ(0) ~ 1 Vg log mg (agi) |3§i)) r;@) Reward-to-go: my current action. can
N

|
i—1 \1—1 i not change past rewards (causality)!

Policy gradient typically has a high variance due to the Monte Carlo approximation in high dimension.
To reduce the variance, a common approach is the control Variate method a.k.a., baseline.

We can compute the average reward as a baseline:  b; = E g Tt,
=1 t'=t+1

T T
. 1 G
We then subtract the baseline: Vo J (0 RS Z (Z Vo log W@(ag )‘sg )) ( Z rg,) bt))

=1 t'=t+1



Reducing Variance

N /T T
1 7 ) 7 tA_oA- .
VoJ(0) ~ N g ( g Vg log W@(ag )|3§ )) K E 7“;))}) Reward-to-go: my current action can

|
i—1 \1—1 i not change past rewards (causality)!

Policy gradient typically has a high variance due to the Monte Carlo approximation in high dimension.

To reduce the variance, a common approach is the control Variate method a.k.a., baseline.

We can compute the average reward as a baseline:  b; = Z Z Tt,
=1 t'=t+1
1 - L
We then subtract the baseline: Vo J(0) N Z (Z Vo log mo(al”|s\?) ( Z rg,) bt> )
1=1 t'=t+1
This works since B [Vlogmo(ArlS)b] =[] p(S)ml(4i15:) 9o log m(AilS:)bid S,
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Reducing Variance

N /T T
1 7 ) 7 tA_oA- .
VoJ(0) ~ ~ E (E Vo log mo(al? st ( E | Tg))) Reward-to-go: my current action can

v
i—1 \1—1 i1 not change past rewards (causality)!

Policy gradient typically has a high variance due to the Monte Carlo approximation in high dimension.

To reduce the variance, a common approach is the control Variate method a.k.a., baseline.

We can compute the average reward as a baseline:  b; = Z Z Tt,
=1 t'=t+1
| T o T
We then subtract the baseline: VoJ(6 N Z (Z Vo log mo(al”|s\?) ( Z rg,) bt> )
This works since Er [Vologmo(At|St)bi] = // p(St)mo(At]St) Vg log m(A¢]St)brd Ard Sy
A,S;
Since the baseline does not depend on the - /St p(St) 4, Voo (Ar|Se)bed ArdSy

action, subtracting the baseline still leads to
an unbiased estimator. By carefully choosing S

. . t
the baseline, we can reduce the variance! /

|
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Actor-Critic Methods
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Actor-Critic Methods

N T
: : 1 i
Recall policy gradient: VoJ(0 N E (E Vg log w@(at \st )K Z ri,))})

1=1 t'=t+1

Since Qr(s,a) =E; [G¢|S; = s, Ay = a] , the reward-to-go is a single-sample estimation of Q.

Q 1s the true expected reward-to-go and we can use more samples to estimate it!



Actor-Critic Methods

T
: : 1 i
Recall policy gradient: VoJ(0 N E (E Vg log w@(at \st ) ( Z ri,)))

1=1 t'=t+1

Since Qr(s,a) =E; [G¢|S; = s, Ay = a] , the reward-to-go is a single-sample estimation of Q.

Q 1s the true expected reward-to-go and we can use more samples to estimate it!

Image Credit: https://rail.eecs.berkeley.edu/deepricourse/deepricourse/static/slides/lec-6.pdf



Actor-Critic Methods

T
: : 1 i
Recall policy gradient: VoJ(0 N E (E Vg log w@(at \st )K Z ri,))})

1=1 t'=t+1

Since Qr(s,a) =E; [G¢|S; = s, Ay = a] , the reward-to-go is a single-sample estimation of Q.

Q 1s the true expected reward-to-go and we can use more samples to estimate it!

Following the idea of reducing variance via baselines, we introduce the advantage:
Ar(s,a) = Qr(s,a) — Vi(s)

where the value does not depend on the action, thus serving as the baseline.

We can estimate the value based on: Z Qr(s,a)m(als)

Image Credit: https://rail.eecs.berkeley.edu/deepricourse/deepricourse/static/slides/lec-6.pdf



Actor-Critic Methods

t'=t+1

T
: : 1 i
Recall policy gradient: VoJ(0 N 2 (E Vg log w@(at \st )K Z ri,))})

Since Qr(s,a) =E; [G¢|S; = s, Ay = a] , the reward-to-go is a single-sample estimation of Q.

Q 1s the true expected reward-to-go and we can use more samples to estimate it!

Following the idea of reducing variance via baselines, we introduce the advantage:
Ar(s,a) = Qr(s,a) — Vi(s)

where the value does not depend on the action, thus serving as the baseline.

We can estimate the value based on: Z Qr(s,a)m(als)

Since subtracting a baseline still gives us an unblased estimator, we have:

T
VoJ(0) =E,, ZVQ log mg(a¢|st) Ar, (5S¢, at)

t=1

Image Credit: https://rail.eecs.berkeley.edu/deepricourse/deepricourse/static/slides/lec-6.pdf



Actor-Critic Methods

How to estimate the advantage function?

Aw(St, at) — Qw(St, Gt) — Vw(st)
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~ Rg: + YV, (3t—|—1) — Vi (St)] Temporal Difference (TD) error!

Based on the TD error (1-step advantage), we can reduce it to estimating the value function!
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How to estimate the advantage function?
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t

~ Rgf + YV, (3t—|—1) — Vi (St)] Temporal Difference (TD) error!

Based on the TD error (1-step advantage), we can reduce it to estimating the value function!

How to estimate the value? We can learn a value network to fit the (Monte Carlo) Policy Evaluation!



Actor-Critic Methods

How to estimate the advantage function?

Aﬂ'(st7 at) — Q?T(St7 at) _ VW(St)
= Er, [Rgt + ’VVw(SH—l)’St? at] - V?T(St>

t

~ Rgf + YV, (3t—|—1) — Vi (St)] Temporal Difference (TD) error!

Based on the TD error (1-step advantage), we can reduce it to estimating the value function!
How to estimate the value? We can learn a value network to fit the (Monte Carlo) Policy Evaluation!

The target can be estimated from rollout:

T
 Vanilla V(s ~ Z ri)
t'=t
. Y RONNG (i
Bootstrap Vis;?)=ry’ + 7V¢(5t+1)



Actor-Critic Methods

How to estimate the advantage function?

Aﬂ'(st7 at) — qu(sta at) - VW(St)

= Er, [Rgt + fYVw(St—H)’St? at] - V?T(St>

t

~ Rgf +AYVr(st41) — VW(5t>]

Temporal Difference (TD) error!

Based on the TD error (1-step advantage), we can reduce it to estimating the value function!

How to estimate the value? We can learn a value network to fit the (Monte Carlo) Policy Evaluation!

The target can be estimated from rollout:

Vanilla

Bootstrap

T
V(sff)) ~ Z TS)
=t
‘_/(Sf)) ~ fr’t(i) + A

Vs (

3&21

current value network



Actor-Critic Methods

How to estimate the advantage function?

AfY =6, = RE + 9V (s141) — Vi (s)

AP = RY 4 ARYH1 4 Vi (5142) — Vir(s1)

St4+1

= 0 + Y0t+1

k-1
AP = PR Ry
1=0



Actor-Critic Methods

How to estimate the advantage function?

AN = 6, = R 4+ yVi(s141) — Vie(51)

AP = RY 4 ARYH1 4 Vi (5142) — Vir(s1)

St4+1

= 0t + Y041

k—1
~ k: .
[A£ ) — E T ] K-step discounted TD Error 0317 = RS::: + YVa(str141) — Va(se41)
=0




Actor-Critic Methods

How to estimate the advantage function?

AN = 6, = R 4+ yVi(s141) — Vie(51)

AP = RY 4 ARYH1 4 Vi (5142) — Vir(s1)

St4+1
= 0¢ + Y0t4+1
k—1
Agk) = ny‘!étﬂ K-step discounted TD Error 0317 = RS’::: + YVr(St4i14+1) — Va(Si41)
=0

Generalized Advantage Estimation (GAE): It takes an exponentially weighted average of these estimated
advantages, controlled by the decay hyperparameter A € [0, 1]

00 o0 k—1 oo
ASAEN — (1 _ ) > AFLAKR) — (1 — ) D AT (Z ’YI&:H) = (YN '614
k=1 k=1 =0 =0



Actor-Critic Methods

To compute the target for Generalized Advantage Estimation (GAE):

1. Collect rewards and compute values in parallel for the entire trajectory using the current value network

[Ro, Rl, P RT—I] [V(), Vl, “a ey VT] where I/t = Vﬂ-old(St)

2. APAE =5, + YAAGAE  where 6, = R + 4V, — Vi, Ap =0

;. ROAE — AGAB v

. 2
The final loss is [:V(‘?[)) — (V(p(St) o R‘?AE)

1
2



Advanced Policy Gradient Methods

What is wrong with the Policy Gradient besides high variance?

Similar to other optimization methods, step sizes matter for convergence!

0" « argmax (0’ —0)' Vo J(0) s.t. |0/ —0|* <e



Advanced Policy Gradient Methods

What is wrong with the Policy Gradient besides high variance?
Similar to other optimization methods, step sizes matter for convergence!
0" « argmax (0 — 0)' VoJ(0) s.t. |0 —0|* <e
* Natural Policy Gradient [26]: Preconditioning with Fisher-Information Matrix
F =E,, [Vologmy(a|s)Vglogmy(als)'] Dy (g ||me) =~ () — 0)"F (6 —0)
0" « argmax (0’ — 0) 'V J(0) s.t. Dy (me|mg) < €
0 «— 0+ aF 'VyJ(0)



Advanced Policy Gradient Methods

What is wrong with the Policy Gradient besides high variance?

Similar to other optimization methods, step sizes matter for convergence!
0" « argmax (0 — 0)' VoJ(0) s.t. |0 —0|* <e
* Natural Policy Gradient [26]: Preconditioning with Fisher-Information Matrix
F =E,, [Vologmy(a|s)Vglogmy(als)'] Dy (g ||me) =~ () — 0)"F (6 —0)
0" « argmax (0’ — 0) 'V J(0) s.t. Dy (me|mg) < €
0 «— 0+ aF 'VyJ(0)

« Trust Region Policy Optimization (TRPO) [27]: select € and solve for the optimal & while solving F~*V.J ()
using conjugate gradient



Proximal Policy Optimization (PPO)

Proximal Policy Optimization (PPO) [28]: turn the constrained optimization in TRPO into an
unconstrained one (with clipped loss) and use modern 1st-order optimizers like Adam.



Proximal Policy Optimization (PPO)

Proximal Policy Optimization (PPO) [28]: turn the constrained optimization in TRPO into an
unconstrained one (with clipped loss) and use modern 1st-order optimizers like Adam.
T

Vo (0) =E- | Y Voglogmg(Ai|Se)As
Replace reward-to-go with the advantage: [¢t=1
T

A "

=E, Z Vomg(A¢|St) A,
| =1 7.‘-Qold (At | St)




Proximal Policy Optimization (PPO)

Proximal Policy Optimization (PPO) [28]: turn the constrained optimization in TRPO into an
unconstrained one (with clipped loss) and use modern 1st-order optimizers like Adam.
T

Vo (0) =E- | Y Voglogmg(Ai|Se)As
Replace reward-to-go with the advantage: [¢t=1
T

A "

=E, Z Vomg(A¢|St) A,
| =1 ﬂ-gold (At | St)

The gradient corresponds to the LCPI(G) — [’r (9)1@ ] where 7,() = mo(At|St)
Conservative Policy Iteration (CPI) objective: LY ¢ ! To.,.4 (At|St)



Proximal Policy Optimization (PPO)

Proximal Policy Optimization (PPO) [28]: turn the constrained optimization in TRPO into an
unconstrained one (with clipped loss) and use modern 1st-order optimizers like Adam.

T
Vo (0) =E- | Y Voglogmg(Ai|Se)As

Replace reward-to-go with the advantage: [¢t=1

T

Vomo(As|St) 5
=E, A

_; TOo1a (At|8ﬁ) t
The gradient corresponds to the I,CPL (6) = E, [?"t (6) At] where r,(0) = mo(A¢|St)
Conservative Policy Iteration (CPI) objective: To.,.4 (At|St)

Following TRPO, we constrain the change of distribution by clipping the ratio:

LCLIP (9) — Et [min (?”t(ﬁ)}it, Clip(?"t(g)a 1— €, 1+ E)z‘itﬂ



Demo

Simulated Continuous Control in Mujoco using PPO and Graph Neural Networks:
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Fine-tuning LL.Ms with RLHF [e.g., 20] can align them with human values!



Reinforcement Learning from Human Feedback (RLHF)

Fine-tuning LL.Ms with RLHF [e.g., 20] can align them with human values!

It involves three steps: Train Language Model
Prompts & Text Dataset

* Pretraining a LLM Initial Language Model

A4

ogogoagogogooa4a
IS I [ [ |
HE e

Human Augmented
Text (Optional)

e.g., one curate a preferable text dataset

Image Credit: [21]



Reinforcement Learning from Human Feedback (RLHF)

Fine-tuning LL.Ms with RLHF [e.g., 20] can align them with human values!

It involves three steps: Prompts Dataset
Reward (Preference)
* Pretraininga LLM Model
L] ] % : 7‘9
* Training a reward model —— 2

{sample, reward} pairs

Sample many prompts

o OpenAl uses 175B LM and 6B reward model | l l l J l l l l

Outputs are ranked
(relative, ELO, etc.)

o Anthropic used LM and reward models from Kiltial Lanigusge Mode) Lorem ipsum dolor s
sit amet, consecte ﬁ
10B to 52B ' a adipiscing elit. Aen| - 74
o DeepMind uses 70B Chinchilla models for 4774 2 A\ DonecanamTsle jy
‘-’5) . P s. A, vulputate eget, arc — /
both LM and reward NS4 Nam quam nunc = >
eros faucibus tinci Human Scorin
luctus pulvinar, her g §

Generated text

123
Image Credit: [21]



Reinforcement Learning from Human Feedback (RLHF)

Fine-tuning LL.Ms with RLHF [e.g., 20] can align them with human values!

It involves three steps:
* Pretraining a LLM
* Training a reward model

* Fine-tuning LLLM with RL
r =1y — AkLDKL

RL policy generates text, and that text is fed into the
initial model to produce its relative probabilities for
the KL penalty

Image Credit: [21]

Prompts Dataset

x:Adogis...

" Tuned Language

Initial Language Model Model (RL Policy)
O 7 e Reinforcement Learning
8_;, Update (e.g. PPO)
o S0 0+ VeJ(0)
\L ~
0000® RLHF ®®®® Reward (Preference)
Base Text ®® ©® Tuned Text ®®®® Model
y: a furry mammal y: man’s best friend > % .- :- < ':- ® T
i > J,
—AKL DKL (7ppo (¥]®) || Thase (y])) Sy 4
rd
KL prediction shift penalty
ro(y|z)
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Prompting

Prompts are the input to LLMs, of which the quality significantly affects the output of LLMs.

Designing effective prompts to instruct LLMs to perform a desired task is often referred to as prompt engineering.



Zero/Few-shot Prompting

Prompts are the input to LLMs, of which the quality significantly affects the output of LLMs.
Designing effective prompts to instruct LLMs to perform a desired task is often referred to as prompt engineering.

Zero/Few-shot prompting:

| Zero-shot, standard

Q: While shopping for music onling, Janet bought 6 country albums and 2 pop
albums. Each album came with a lync sheet and had g 50ngs. How many songs
did Janet buy total?

A

Thia answer s o

Ask it directly!

127
Image Credit: [22]



Zero/Few-shot Prompting

Prompts are the input to LLMs, of which the quality significantly affects the output of LLMs.
Designing effective prompts to instruct LLMs to perform a desired task is often referred to as prompt engineering.

Zero/Few-shot prompting:

Few-shot, standard

_______________________________________ -
|

[ Q: Roger has 5 tennis balls. He buys 2 more cans of tennis balls. Each can has 3

Zero-shot. standard 1 tennis balls. How many tennis balls does he have now? :
’ In ! A: The answer is 11, |
Q: While shopping for music online, Janat bought 6 country albums and 2pop @~ | — ~ ~ ~~~-TTTTTTsmTEmEEEEEEEE e S
In albums. Each a-;fm came with a lyric sheet ang had 9 mr.r;;_ How many Wf.g‘; per task example = N
did Janet buy total?
A Q: While shopping for music online, Janet bought & country albums and 2 pop
albums. Each album came with a lyric sheet and had 9 songs. How many songs
Out | The answer is oo did Janet buy total?
A

Out | The answer is xxx

Ask it directly!

128
Image Credit: [22]



Zero/Few-shot Prompting

Prompts are the input to LLMs, of which the quality significantly affects the output of LLMs.
Designing effective prompts to instruct LLMs to perform a desired task is often referred to as prompt engineering.

Zero/Few-shot prompting:

Few-shot, standard

_______________________________________ -
|

[ Q: Roger has 5 tennis balls. He buys 2 more cans of tennis balls. Each can has 3
Zero-shot. standard 1 tennis balls. How many tennis balls does he have now? .
’ In |1 A: The answer is 11. |

Q: While shopping for music onling, Janet bought 6 country albums and 2 pop
albums. Each album came with a lyric sheet and had 9 songs. How many songs
did Janet buy total?

A Q: While shopping for music online, Janet bought & country albums and 2 pop
albums. Each album came with a lyric sheet and had 9 songs. How many songs
did Janet buy total?

A

per task example = N

Out Thia answer s o

Out | The answer is xxx

Ask it directly!
Ask with some guiding examples!

129
Image Credit: [22]



Chain-of-Thought (CoT) Prompting

CoT prompting [23] enables complex reasoning capabilities through intermediate reasoning steps:

Standard Prompting

| Modelnput

Q: Roger has 5 tennis balls. He buys 2 more cans of
tennis balls. Each can has 3 tennis balls. How many
tennis balls does he have now?

A: The answer is 11.

Q: The cafeteria had 23 apples. If they used 20 to
make lunch and bought 6 more, how many apples

e N

do they have?
_ Y,

Image Credit: [23]

Chain-of-Thought Prompting

Q: Roger has 5 tennis balls. He buys 2 more cans of
tennis balls. Each can has 3 tennis balls. How many
tennis balls does he have now?

A:
The answer is 11.

Q: The cafeteria had 23 apples. If they used 20 to
make lunch and bought 6 more, how many apples
do they have?

N J

A: The answer is 27. x j

A

answeris 9. 4/

3
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Chain-of-Thought (CoT) Prompting

CoT prompting [23] enables complex reasoning capabilities through intermediate reasoning steps:

Zero-shot CoT

Few-shot CoT

2 While shopping for music online, Janet bought & country albums and 2 pop
albums. Each alburn came with a lyric sheel and had 9 songs. How many songs did
Janet buy total?

A Let's think step by step.

Janet bought & country albums and 2 pop albums. That is a total of 8 albums. Each
album has 9 songs. So B* 9= 72 The answer is 72

Image Credit: [22]

1 Roger has 5 tennis balls. He buys 2 more cans of tennis balls. Each can has 3
tennis balls. How many tennis balls does he have now?

A: Roger started with 5 balls. 2 cans of 3 tennis balls each is 6 tennis balls. 5 + 6 =
11. The answer is 11.

per task chain of thought example = N

: While shopping for music onling, Janet bought 6 country albums and 2 pop
albums, Each album came with a lyric sheet and had 9 songs. How many songs did
Janet buy total?

A

Janet bought & country albums and 2 pop albums. That is a total of 8 albums. Each
album has 9 songs. So B* 9 =72, The answer is 72
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