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The Power of Equivariance in 3D

e Efficiency vs. Data Augmentation:
o To achieve angular resolution & in 3D, traditional CNNs require O(5~?) more filters.
o TFNs use equivariant filters to cover all orientations with a single set of weights.

e Interpretation: The network identifies the same local features (e.g., molecular
functional groups) regardless of their orientation.

e Physical Consistency: Naturally encodes Geometric Tensors (Scalars, Vectors)
that transform according to physical laws.

Dimension Rotational Degrees of Freedom Filter Scaling Cost

2D Plane 1 (6) o6
3D Space 3 (o, B,7) 0(57?)




Examples of Tensor Fields

|~ 0: Scalr

Invariant to Rotation Equivariant (3D Arrow) Higher-order Geometry
e Mass density e Force vectors e Stress/Strain
e Charge at a point e Velocity of atoms e Polarizability
e Temperature e Electric fields e Inertia tensors

TFN maintains the ”"Geometric Identity” of these physical quantities across all
layers.



Related Work & Mathematical Motivation

Foundational Pillars

e Harmonic Networks [1]: Achieved 2D rotation equivariance using circular
harmonics and discrete convolutions.

e SchNet [2]: A rotation-invariant network for molecules using continuous
convolutions (but lacks equivariance).

e TFN Contribution: Emulates and extends both to achieve full 3D equivariance.

The 3D Chall C |
The 2D Case (Simpler) © allenge (Complex)

: Rotations do not commute
Rotations commute (AB # BA)

(AB = BA).

. L . Order of operations matters.
Symmetry is additive (like

adding angles). ieeqoliiyre;tgeozgg)histicated group




Equivariance and Representation

1. Group Representation

A representation D of a group G is a function from G to square matrices such that
for all g, h € G:
D(g)D(h) = D(gh) (1)

Interpretation: Matrix multiplication preserves the algebraic structure of group
operations.

2. Equivariance and Invariance
A function £ : X — Y is equivariant with respect to G if for all g € G:
Lo Dx(g)=Dy(g)oL (2)

e Invariance: A special case where Dy (g) = I (the identity matrix) for all g.

e Scope: We focus on 3D Isometries (rotations/translations) and Point
Permutations.



Proof of Compositional Equivariance

The Theorem

If £1: X — H and L5 : H — Y are both equivariant layers, then their composition
Liotal = Lo 0 L1 is also equivariant.

Step-by-Step Derivation

Let g € G. We apply the rotated input Dx(g)x to the composed network:

(Lo0oL1)(Dx(g)z) = Lo ( ) (Definition of composition) (3)
=Ly ( ) (By equivariance of £;) (4)
= (L£1(z)) (By equivariance of £5) (5)
= Dy (g)(L20L1)(z) (Definition of composition) (6)

e Conclusion: Equivariance for each layer is sufficient to prove whole network is
equivariance.



Input and Output of a TFN Layer

A TFN layer L transforms a finite set of points .S in 3D space, mapping input features
to output features while maintaining the point coordinates:

L: ('Fayxa) — (Faaya) (7)

e Coordinates (7, € R3): Fixed position vectors used to compute relative geometry
Tab = Ta — Th.

e Features (z, € X,y, € Y): Geometric tensors (scalars, vectors, etc.) that
transform under SO(3).

e Structure (R? @ X): A concatenation of spatial position vectors and their
associated geometric properties.

The network updates the states (x — y) of the points based on their spatial

relationships.
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Manifest Equivariance: Permutation & Translation

1. Permutation Equivariance

Condition: Lo P, = P, 0oL
e Definition: P, (74, 74) := (T5(a); To(a)) Where o permutes the indices.
e Manifested by: Treating point clouds as sets rather than ordered lists.

e Mechanism: Information is aggregated via symmetric operations (e.g.,
summation) that are independent of the storage order of points.

2. Translation Equivariance
Condition: LoT; =T;o L
e Definition: T}(7,, z,) := (7, + t_:xa) for any translation vector .
e Manifested by: Filters only depend on the relative displacement: ; — 7.
e Mechanism: Since (7; + t) — (7j +t) = 7 — 7j, the geometry remains invariant
under global shifts.



The Rotation Group SO(3)

The Special Orthogonal Group SO(3) represents all valid 3D rotations about the
origin.

1. Mathematical Definition

SO(3) = {R e R¥®3 | RTR =1,det(R) = 1} (8)

e Orthogonality: Preserves lengths and angles (No stretching/squeezing).
 Special: Preserves orientation (det = 1 ensures no reflections).

2. Basic Rotation Matrices

cosf) —sinf 0 cosf@ 0 siné 1 0 0
R, = |sinf cosé 0|, R,= 0 1 0|, R;=1|0 cosf® —sinf| (9)
0 0 1 —sinf 0 cosf 0 sinf cosf

Key Property: Non-commutative (R, R, # RyR,). Order matters in 3D!
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Rotation Equivariance in SO(3)

For a layer L to be rotation-equivariant, it must commute with the action of the
rotation group SO(3).

1. Equivariance Condition

Lo [R(g) ® Dx(g9)] = [R(g) ® Dy(g)] o £ (10)

® R(g): Standard 3 x 3 matrix acting on coordinates 7.

® D(g): Wigner D-matrix acting on feature vectors x,.

2. Wigner D-Matrices The "bridge” between SO(3) and higher-order geometric
features:

e Maps a rotation g to a (20 + 1) x (2] + 1) matrix.

e Unitary & Irreducible: They are the fundamental building blocks of 3D rotations.
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Rotation Orders and Feature Types

TFN decomposes representations into Irreducible Representations (irreps) of order .

Order [ Dim Geometric Type Example

=0 1 Scalars Mass, Charge, Energy
=1 3 Vectors Velocity, Force, Displacement
=2 5 Rank-2 Tensors Stress, Quadrupole moment

Transformation Rules:
e Order 0: DO(g) = 1 (Invariant under rotation).
e Order 1: DU (g) = R(g) (Standard 3D rotation).
e Higher Orders: Follow Wigner D-matrix D) (g) of size (21 + 1).

TFN treats a point cloud as a collection of Geometric Tensors of mixed orders.
12



Tensor Field Network Layers



What does the network need to do?

Inputs: 3D points, features associated with each point
Outputs: Processed features/representations for these points

We also want each layer to be SO(3)-equivariant.

14



What are the features?

e To have SO(3)-equivariance, we eventually want to apply rotations to the feature
vectors.

e The irreducible representations of SO(3) can only have dimensions 2¢ + 1 for
¢eN.

e So we want the feature space to have dimensions 2¢ + 1 for ¢ € N, being the
space the a representation D)(g) acts on.

e A point can have many feature spaces with different dimensions.

A feature vector in the feature space is called a tensor.

Examples:
e (= 0: mass, charge

e / = 1: velocity, acceleration
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What are the features? - Implementation

We have a finite S C R3. The features are implemented as a dictionary V.

e The keys are the {'s, representing feature spaces with different dims.
e The values are arrays of shape [|S], Cy, 2¢ + 1], where:
o 20+ 1: dimension

o Cy: number of feature types that has dim 2/ + 1, e.g. velocity and acceleration are
two types. Also called the number of channels.

V(l) __ {0: [[[mO]],[[ml]]],
acm ~—  1: [[[vOx, vOy, vO0z],[ 11,
[[vlix, vly, viz],[ 111}

1 :dictionary key, /
[ ] point index, a
[ ] channel index, «

[ ] representation index, m
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Point Convolution Layers



Convolution Filters

Goal: We will build a convolutional layer, so we need a filter/kernel.

. . ¢
We use spherical harmonics (YA))ZGN Cpemet’

e Each ng) is a function from the sphere S? to R or C.
e They form a complete and orthonormal basis for the space of functions on S2.
e They are SO(3)-equivariant!

18



SO(3)-Equivariance of Spherical Harmonics

Fix €N, g € SO(3), and # € S%. We can write

and view it as a (2¢ + 1)-dim tensor. The equivariance property is

Proposition. [Equivariance of the Spherical Harmonics]

YO(R(g)7) = YOR).
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Convolution Filters

For each input order /;, filter order £, and channel c, define the filter to be
FLO ) = RO (1ol 0) - v ().

where:
o 1 c R3;

Ll . .
° RE ! )('; 0) :R>0 — R are learned functions with learnable parameters 6.

The filter is still SO(3)-equivariant!
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The “Product” in Convolution

After constructing the filter, we can write out the convolution!

We want something like

Z F(Zf -7 ‘/b( z)‘
besS

(Abuse of notation: When we write a,b € S, a and b are the indices of the points and
not the actual points. The actual points are denoted 7, and 7.)

But we are “multiplying” two tensors here, which we have not defined yet!
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Tensor Product

Definition. [Tensor Product]

Let u be an order-¢; tensor and let v be an order-¢5 tensor. The tensor product of u
and v can be defined for any output order ¢ between [¢; — ¢2| and (¢1 + f2) inclusive,
and is denoted as (u ® v)(®). In particular, we have

(13 m) [
Z Z (¢1,m1) (e2,m2)“$nll) ﬁnz)

my=—~{1 ma=—4{3

for m € {—¢,..., ¢}, where the C’s are constants called the Clebsch-Gordan
coefficients. We write ¢1 ® 5 — £ for a tensor product with output order £.
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Tensor Product - Examples

We first consider an example of 1 ® 1 — 0.

The CG-coefficient satisfies C((%Sm)l),(l,mz) = 5m1m2/\/§-

1 1
R>meo)?= 3" Y ogf;gglx(lvm)ugmg

= (u—q1v_1 + ugvo + uiv1).

S

This gives the dot product!

One can show that 1 ® 1 — 1 is the usual cross product.

23



SO(3)-Equivariant of the Tensor Product

Tensor products are also SO(3)-equivariant!

Proposition. [Equivariance of the Tensor Product]

Let u be an order-£; tensor and let v be an order-f5 tensor. Let g € SO(3). Let ¢ be
the output order. Then

( u) ® ( v))m = (u®v)®.

tensor_product (rotate(u), rotate(v)) = rotate(tensor_product(u,v))

24



Point Convolution

We are finally ready to define the point convolution layer.

Definition. [Point Convolution]

Let a € S, and let ¢ be a channel. Let /; be the input order, ; be the filter order, and
£, be the output order. Then the point convolution centered at a is

) Lo
ngg) (ra; Va(fg'); 0) := Z (Fc(zf’ez)(ra —75;0) ® ‘/I,Eii)>( ) )
bes

which is a tensor of order /.
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SO(3)-Equivariance of Point Convolution

Theorem. [Equivariance of Point Convolution]
The point convolution layer is SO(3)-equivariant. That is, for g € SO(3), we have
Ly, l; l (€o) _
> (F P (Rigra) ® DD (9)ViR]) T = L4 (ra, VD),
beS

where ryp, := r, — 1. Note the the LHS represents point convolution on the rotated
point cloud.
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SO(3)-Equivariance of Point Convolution Proof

Proof.

(F(ef B (Rgr) [D(fﬂ(g)vb(ii)])“")

)

9]

be

[ DU (g st )(Tab)] ® [D(&)(g)%%)})(zo) by the eq. of filters

I
o
m
n

; 1\ (o)
D) (g) (Fc(gf’m(rab) ® V},(ﬁl)) by the eq. of tensor products

o
n

<
v 0 (Fo)
() > (F ) @ V)
bes
= D) (g) L2 (ra. Vi).

a,c

)
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Self-Interaction and Nonlinearity
Layers



Self-Interaction

In point convolution, information is mixed spatially between different points.

In self-interaction, information is mixed internally within each point.

Definition. [Self-Interaction]

The self-interaction layer is defined by:
e Learnable parameters: A weight matrix W with size Cout X Ciy for each
£ € N, shared between all points.
e Input: Features of a point V) with size Ciy x (20+1).
e Qutput:
w® @)

a
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SO(3)-Equivariance of Self-Interaction

Let g € SO(3). Note that rotating the input and then applying self-interaction

corresponds to
-
-ty <Va<e> (0“(9)) ) .

Applying self-interaction first and then rotating the output corresponds to

(W@V;f)) . ( D<e>(g)>T‘

They are the same by associativity.
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Nonlinearity

Standard nonlinearities like ReLU breaks SO(3)-equivariance.

We want nonlinearities that only act on scalars (e.g. magnitudes) and leave the
orientation untouched.

Definition. [Nonlinearity]

For each ¢ € N and channel ¢, the nonlinearity layer is defined by:
e Learnable parameters: The bias term bg).
e Input: Features of a point at the channel Va(,e).
e QOutput:
a,éo

1@ (V21 +) V{2

where (¥ : R — R can be any standard nonlinearity.
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SO(3)-Equivariance of the Nonlinearity Layer

Let g € SO(3). The Wigner D-matrices are unitary, i.e.

H DO (g)V, Y

Now note that rotating the input and then applying linearity corresponds to
10 (DO | +60) [DO9V2] = DD(g) [ (IVE21 -+ ) V2],

which is applying linearity first and then rotating the output.
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Experiments: Quick Summary

e Core architecture: A Tensor Field Network (TFN) is equivariant to:

o 3D rotations (SO(3)),
o translations in R3,
o permutations of input points.

e Feature mapping: The network transforms input features x, € X at points
r, € R? into output features y, € Y

‘C(mea) = (Ta,ya)
e Equivariance constraint:
L(Dx(g) - =) = Dy(g) - L(x)

e Experiments goal: Show that TFNs give consistent predictions under rotations
and strong generalization with limited data.
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Experiment 1: Shape Classification

e Inputs: 8 “3D Tetris” shapes
o Input geometry: 3D point coordinates of each shape. Each block corresponds to a
point.
o Input features: Dummy scalar features (all ones) at every point.
e Qutputs:
o For classification, output is scalar corresponding to class label.
e Training procedure:
o Train only on shapes in a single fixed orientation.
o Train until the model reaches 100% training accuracy.

Figure: 3D Tetris shapes used for training/testing.
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Experiment 1: Shape Classification — Test and Outcome

Test Set:

o Use the same 8 shapes.
o Apply random 3D rotations and translations at test time.

Observed result: 100% test accuracy.

Takeaway: Final scalar class prediction for TFN is invariant to rotations and
translations.

Additional evidence (from the paper):
o TFN was also trained on ModelNet40 (popular dataset of 3D objects) without
rotational data augmentation.
o It achieved decent (not state-of-the-art) accuracy.
o Under the same no-augmentation setting, PointNet performs near random accuracy
on randomly rotated/translated test data.
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Experiment 2: Physics

e Tasks:
o Predict the acceleration vector for each point mass in a collection of point masses.
o Predict the moment of inertia tensor at a specific point in a collection of point
masses.
¢ Inputs:

o Random 3D point configurations with random scalar masses.
o For the inertia task, an additional designated query point.
Outputs:
o Acceleration task: vector output (0 — 1).
o Inertia task: 3x3 symmetric matrix, which can be decomposed into a scalar (¢ = 0)
+ symmetric traceless matrix (¢ = 2), so we have (0 — 0® 2).

Training Procedure:

o For each task, ground-truth labels are computed analytically from their physics
equations.
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Aside: Why a symmetric matrix can be encoded as 0 & 2

® Decomposition of any symmetric 3 X 3 matrix:

— —-
=0 =2
e Example:

41 2

t

s=[1 3 0], t(s) =12 rés):ax

2 0 5

0 1 2

SO =41, @D =g5_ar=|(1 -1 0], tx(SP)=0
2 0 1

® symmetric matrix = scalar + symmetric traceless matrix = 0 & 2.
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Experiment 2: Physics — Test and Outcome

e Observed result:
o Excellent agreement with the true physics.
o Learned radial functions match.
e Takeaway: TFNs can learn to predict vector and tensor outputs that are
equivariant under rotation and translation.
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Experiment 3: Chemistry — Missing Atom Prediction

e Task:

o Remove one atom from a molecular point cloud and predict the missing atom type
and its location.

e Inputs:

o Molecule point cloud where each point is an atom.

o One atom is randomly deleted from each training example.

o Each atom'’s input feature has its type encoded as a one hot array of scalars.
e Outputs (network type 0 — 0 & 1):

o Scalar outputs (I = 0): atom-type scores + confidence weight p at each point.
o Vector output (I = 1): relative displacement ¢ from each point to the missing point.
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Experiment 3: Chemistry — Missing Atom Prediction

e Prediction rule:
o Each point casts a vote for missing location: r, + d,.
o Final predicted position is a confidence-weighted sum:

> Palra +da).

o Each point also casts atom-type scores which are weighted by the same confidence
weights p, to produce the final atom-type prediction.
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Experiment 3: Chemistry — Training and Evaluation

e Dataset: QM9: a collection of 134,000 molecules.
o Train on 1000 molecules with 5-18 atoms.

o Each epoch train on all 1000 molecules, and randomly delete one atom from each
molecule.

e Evaluation protocol:

o Test on different molecules.
o For each molecule, predict every possible removed atom.

Accuracy (%)

Number of o Distance
Atoms predictions (=05A MAE in A
and atom type)
5-18 15863 91.3 (train) 0.16
19 19000 93.9 (test) 0.14
23 23000 96.5 (test) 0.13

25-29 25356 97.3 (test) 0.16
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Strengths and Weaknesses

Strengths

® Strong theory: layer-wise equivariance
implies whole-network equivariance.

® Experiments align with theory (geometry,
physics, chemistry demos).

® Foundational early framework for
continuous 3D rotation-equivariant learning
on point clouds.

42

Weaknesses
® Experiments use only scalar input features.

® Data-efficiency is not directly benchmarked
against non-equivariant baselines.

® Scaling can be unstable in practice: TFN
often needed smaller settings (fewer
points/channels) for stable training (as
reported in the later paper
SE(3)-Transformer).



Future Works

e SE(3)-Transformer:
o Replaces convolution with self-attention.
o Still equivariant under 3D rotations.
o The authors wrote their own spherical harmonics library which uses the GPU to
speed up computation significantly.

e EGNN (E(n)-Equivariant GNN):
o EGNN avoids computing spherical harmonics, which are used in both TFN and
SE(3)-Transformer so it is more computationally efficient.
o TFN is built for 3D rotations, while EGNN can work in higher dimensions.
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