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Background

LLMs have achived excellent performance in general language tasks. They
also changed the way Al approaches mathematical reasoning. However,
the strongest mathematical reasoning models today are mostly closed-
source, such as GPT-4 and Gemini, leaving a significant gap for the open
source community. This motivates the development of DeepSeekMath, an
open model designed for strong mathematical reasoning.
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Key Contributions

« DeepSeekMath Corpus
* Three Model Versions:
« DeepSeekMath-Base 7B (Math Pre-training)
* DeepSeekMath-Instruct 7B (SFT)
« DeepSeekMath-RL 7B (RL)
» Group Relative Policy Optimization Algorithm (GRPO)
« Performance Evaluation
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Math Pre-training

Data Collection pipeline and Decontamination

1. Train a FastText Model :/2. Recall Math-Related Webpages W
J k From Common Crawl

Math Seed

Deduplicated Common Crawl Math Corpus
40B HTML pages

4. Annotate Math-Related i ’
URE Piith Fivin Ealclics >'_-<3 Discover Math-Related Domains




Math Pre-training

Validating the Quality of the DeepSeekMath Corpus

Training Setup:
» Base model: DeepSeek-LLM 1.3B
* Training 150B tokens on each math corpus

» Compare performance across multiple math Optimizer
benchmarks Beta1,2
Max LR
Batch Size

Context

AdamW
0.9,0.95
5.3e-4

4M tokens

4K



Math Pre-training

Validating the Quality of the DeepSeekMath Corpus

—— MathPile OpenWebMath —— Proof-Pile-2 DeepSeekMath Corpus
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Figure 3 | Benchmark curves of DeepSeek-LLM 1.3B trained on different mathematical corpora.

English Benchmarks Chinese Benchmarks

Math Corpus Size MMLU Gaokao  Gaokao

GSM8K MATH OCW SAT STEM CMATH MathCloze MathQA
No Math Training N/A  29% 3.0% 29% 15.6% 195% 12.3% 0.8% 17.9%
MathPile 8.9B 27%  33% 22% 125% 157% 12% 0.0% 2.8%
OpenWebMath 136B  115% 89% 3.7% 31.3% 29.6% 16.8% 0.0% 14.2%
Proof-Pile-2 519B 143% 112% 37% 43.8% 292% 19.9% 5.1% 11.7%
DeepSeekMath Corpus 120.2B  23.8% 13.6% 4.8% 56.3% 33.1% 415% 5.9% 23.6%

« High performance across multiple math

benchmarks
« Contains multilingual Math Content
« Largest math corpus in size

UBC
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DeepseekMath-Base 7B

Setup:
» Initialized with DeepSeek-Coder-Base-v1.5 7B
* Trained for 500B tokens

» Data distribution: Common Crawl
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Github code
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Training with DeepseekMath-Base 7B

Math Problem Solving with Step-by-Step Reasoning

English Benchmarks Chinese Benchmarks UBC
Model Size T
MMLU Gaokao  Gaokao WL
GSMS8K MATH OCW SAT STEM CMATH MathCloze MathOA
Closed-Source Base Model
Minerva 7B 16.2% 141% 7.7% - 35.6% - - -
Minerva 62B  524% 27.6% 12.0% - 53.9% - - -
Minerva 540B 58.8% 33.6% 17.6% - 63.9% - - -
Open-Source Base Model
Mistral 7B 403% 143% 92% 71.9% 51.1% 449% 5.1% 23.4%
Llemma 7B 374% 181% 6.3% 59.4% 43.1%  43.4% 11.9% 23.6%
Llemma 34B  54.0% 253% 10.3% 71.9% 52.9% 56.1% 11.9% 26.2%

DeepSeekMath-Base 7B 64.2% 36.2% 15.4% 84.4% 56.5% 71.7% 20.3% 35.3%

Table 2 | Comparisons between DeepSeekMath-Base 7B and strong base models on English and
Chinese mathematical benchmarks. Models are evaluated with chain-of-thought prompting.
Minerva results are quoted from Lewkowycz et al. (2022a).



Training with DeepseekMath-Base 7B

Math Problem Solving with Tool Use and Formal Proving

T Size Problem Solving w/ Tools Informal-to-Formal Proving
GSM8K+Python MATH+Python miniF2F-valid miniF2F-test
Mistral 7B 48.5% 18.2% 18.9% 18.0%
CodeLlama 7B 27.1% 17.2% 16.3% 17.6%
CodeLlama 34B 52.7% 23.5% 18.5% 18.0%
Llemma 7B 41.0% 18.6% 20.6% 22.1%
Llemma 34B 64.6% 26.3% 21.0% 21.3%
DeepSeekMath-Base 7B 66.9% 31.4% 25.8% 24.6%
Natural Lanquage Understanding, Reasoning. and Code
Model Size MMLU BBH HumanEval (Pass@1) MBPP (Pass@1)
Mistral 7B 62.4% 55.7% 28.0% 41.4%
DeepSeek-Coder-Base-v1.5" 7B 42.9% 42.9% 40.2% 52.6%
DeepSeek-Coder-Base-vl.5 7B  49.1% 55.2% 43.2% 60.4%

DeepSeekMath-Base 7B 549% 59.5% 40.9% 52.6%

W"’:—E
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DeepSeekMath-Instruct 7B

Dataset:

776K math instruction examples

English and Chinese meth problems (GSM8K,
MATH)

Covers topics such as algebra, probability, number
theory, calculus, and geometry

Reasoning Formats:

« Chain-of-Thought (CoT)

« Program-of-Thought (PoT)

* Tool-integrated reasoning

Training:

* Fine-tuned from DeepSeekMath-Base 7B

Training sequences concatenated up to 4K context
length

o English Benchmarks Chinese Benchmarks
GSMS8K  MATH MGSM-zh CMATH

Model Sizi

Chain-of-Thought Reasoning
Closed-Source Model

Gemini Ultra - 94.4% 53.2% - -

GPT-4 - 92.0% 52.9% - 86.0%

Inflection-2 - 81.4% 34.8% - -

GPT-35 - 808%  341% - 73.8% UBC
e

Gemini Pro - 86.5% 32.6% - - al-

Grok-1 - 62.9% 23.9% - - W

Baichuan-3 - 88.2% 49.2%

GLM-4 - 87.6% 47.9%

Open-Source Model

InternLM2-Math 20B 82.6% 37.7%

Qwen 72B  78.9% 35.2%

Math-Shepherd-Mistral 7B 84.1% 33.0%

WizardMath-v1.1 7B 83.2% 33.0% - -

DeepSeek-LLM-Chat 67B  84.1% 32.6% 74.0% 80.3%

MetaMath 70B  82.3% 26.6% 66.4% 70.9%

SeaLLM-v2 7B 78.2% 27.5% 64.8% -

ChatGLM3 6B 72.3% 25.7% - -

WizardMath-v1.0 70B  81.6% 22.7% 64.8% 65.4%

DeepSeekMath-Instruct 7B 82.9% 46.8% 73.2% 84.6%

Tool-Integrated Reasoning

Closed-Source Model

GPT-4 Code Interpreter - 97.0% 69.7%

Open-Source Model
InternLM2-Math 208 80.7% 54.3% - -
DeepSeek-LLM-Chat 67B  86.7% 51.1% 76.4% 85.4%
ToRA 34B  80.7% 50.8% 41.2% 53.4%
MAmmoTH 70B  76.9% 41.8% - -

DeepSeekMath-Instruct 7B 83.7% 57.4% 72.0% 84.3%
11



Solution SFT

Chain of Thought

Solution SFT dataset are created using three different formats

Program of Thoughts

‘Question: Ketty saves 20000 dollars to the bank. After three years, the sum with compound interest rate is 1000 dollars more
than the sum with simple interest rate. What is the interest rate of the bank?

interest_rate = Symbol('x’) |
sum_in_two_years_with_simple_interest= 20000 +

| [interest_rate * 20000 * 3

‘ sum_in_two_years_with_compound_interest = 20000 * (1 +

/Assuming the interest rate is x. The sum after two years with
simple interest rate is 20000 + x * 20000 * 3 = 20000 +
60000x. The sum after two years with compoud interest rate
is 20000 * (1 + x) A 3 = 200000 + 60000 * x + 60000x2 + N v

i - interest_rate)"3
20000)(’\34_1'?11::&"'9':5’;:298::;: s‘: v‘:/r;nswla:anﬁ 3222::2 * | # Since compound interest is 1000 more than simple interest.

~

Q: Roger has 5 tennis balls. He buys 2 more cans of
tennis balls. Each can has 3 tennis balls. How many
tennis balls does he have now?

Q: The cafeteria had 23 apples. If they used 20 to
make lunch and bought 6 more, how many apples
do they have? j

.

5 S o s _ | ans=solve(sum_after_in_yeras_with_compound_interest -
Rt s s e sum_after_two_years_in_compound._interest - 1000,
F20000:+~8150) a0l J CoT |interestrate) PoT

P i
& python 's“
x ™ (2024814 Y

-0.051333

Tool-Integrated Reasoning

Problem: Suppose that the sum of the squares of two complex Let's use " Sympy " to calculate and print all
numbers x and yis 7 and the sum of their cubes is 10. List all possible values for x + y,
possible values for x + y, separated by commas. Y

from sympy import symbols, Eq, solve, simplify
We are given that x2 + || import math
y:=7andx3+y3 = def possible_values():
10. We can factorx3+ | | def solution(): X X, y = symbols(x y')
¥ toget (x + ) (2 — :"zszr;mzls( x'), y =symbols('y’) eql =Eq(x**2+y**2, 7)
xy+y9). Sl eq2 =Eq(x**3 +y**3, 10)
. solutions =solve((eq1,eq2), (x, y))
Isus.(m:a;?m? = (1+ math.sqr(17))/ 2 sums = [simplify(sol[0] +so|[1])10r solin
=(x+y)(7). . solutions]
follows that x + y must Y= (Gtamath sqei7) /2 i s
divide 10. i i
# Get all possible values for x+y prini(possible velies0)
The only possibilities result=[x +y, x-y] @ >>> (551,144
;""Z’ ‘Sh:‘ ‘i “)“Y Is X @ >>> SyntaxError: cannot assign to Removing duplicates, the possible values for ~
,2,50r 10, expression. x+y ane\boxed( -5,1, 4}.

Reasoning
(Format used by ToRA)

(@g"' c@ ﬁ - (c) Tool- mtegrated

(a) Rationale-based (b) Program-based

Deep (Leaming) Focus - Group Relative Policy Optimization (GRPO). Cameron R. Wolfe (2025). Group Relative Policy Optimization (GRPO)
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Reinforcement Learning for LLMs

RL from Human Feedback (RLHF) — Neural Reward (derived from a human preference reward model)
RL with Verifiable Rewards (RLVR) — Verifiable Reward (derived from rules-based or heuristic verifier)

Reinforcement Learning with
Reinforcement Learning from Human Feedback (RLHF) Verifiable Rewards (RLVR)

Preference | RMtraining|  Reward Model
pa (offline) 7 =RMy(z,y) <

1
1

1

1

1

|

. Scalar

lri Reward :
. 1

1

1

1

1

1

1

Verifiable Reward
o {’Y if correct h

0 otherwise

. Scalar
lrl Reward

S as;
1 \ i

5| Completions|
011 = 6, + aVgJ (mp)
Policy Update

Prompts 1 = 0 + aVyJ () Prompts \

Policy Update

for e e e e o L3
Compute Dataset Size Parameters learning, P
PF-diays, norv-embedding tokens non-ambedding
/ -

Deep (Leaming) Focus - Group Relative Policy Optimization (GRPO). Cameron R. Wolfe (2025). Group Relative Policy Optimization (GRPO)

/ Pre-Training \ SET ‘7\ RLHF / /\RLVR/RFT \
- 5 Apromptand
8, ~0:05 a~ 0.095 @, ~0.076 sampled from our Severalinodel —
= i e promptastacet, [JiaeBitmat oo Verifiable Reward
w@] [T -G ; . o fp toma |
Yo, N, g .~ oo Alaboler o = > 0 otherwise
; e P il | ; e
§ ~ - e u N
% ] o penavir ~ T ® ln Réward
. b M 40 16 the moon. best to worst,
i, + . ' S a;
a0 This data is used -r 22 \ :
% 10 fne-tine GPT-3 A Training |_ % o |Completions|
it Z 7 7 g with supervised ‘% to train our data
I 5 ] s supe eI % \ Prompts 81 = 6, + aViJ(mg)
Policy Updy
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Policy Gradient Methods in Reinforcement Learning

Policy Gradient Methods for Reinforcement Learning with Function Approximation

(Sutton, 1999)

O Old Policy

Collect states, 8] N New Policy
" 2 actions and rewards Calculate )
pivot point © ® e Policy Update
q ® probabilities, 02
A Q values
‘mm @

1 l .

\\‘\Vlogvr(at]st)G
T

= VJ(6) = Eror,[Y | VI t "
011 = 0; + aVJ(6) 4 ) [ZO ogr(a|s:)Q(t))

o

Parameter Update Calculate gradient of performance measure

m(ast)

T
Vol () = E [2 Vologmg(as | s¢) A™0 (s, ar)
t=0

Advantage function Value function
(used in the surrogate loss) (predicted by the critic)
—h—

A(St’ a't) = Q(St) at) = V(St)

O
State-action value
function (equal to
observed reward)

Policy Gradient Methods in Reinforcement Learning. Vizuara Al (2025). Policy Gradient Methods in Reinforcement Learning
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https://vizuara.substack.com/p/policy-gradient-methods-in-reinforcement

Length of Trajectory

Trajectory l Policy Ratio
T f—%

F ro m T RP 0 to P P 0 Objective maximize l E T (a‘t | st)

g =0 Mo1d (a | st)

‘A(St, at)‘

Trust Region Policy Optimization &
gy~ B UBC

Proximal Policy Optimization ™= *

- Same surrogate objective but using clipping instead of hard KL constraint

- Simple, stable, efficient, first-order

lo]
1 . g loel|q, 0 ; mTglo¢|q, 0
Jrpo(0) = E[q ~ P(Q),0 ~ mg,,, (Olg) ] - E mml 0(0cld,0<t) At,chp( 0(0cld, 0<t) ,1—6,1+£)At]
o] t=1 My (0t1q, 0<t) 79,4 (0t1q, 0<t)

th(g) At Case #1 At > O, Ty (9) é 1+ € OriginalAReward KLDive{gence
4 4 r'(z,y) = r(z,y) — BDe(n(y|z) || mret(ylz))
LOUP (g) — | (1+e)A; Case #2: A, >0, r(0) > 1+¢
r(6) Ay Case #3: A, <0, r(0) > 1 —¢ EREER AT
V(s1) V(s2) V(st) V(sr-1) V(sr) T
(1 —€)A; Case #4: Ay <0, 1(0) <1—¢ N fz . Tl fT f
W Value Model or Critic J|71M
[ Prompt | — [ Token1 | I Token2 | -« » '| Tok‘ent J LU LTuks‘n T-)J [ Tol(‘enTers)) ] 15

Deep (Leaming) Focus - PPO for LLMs: A Guide for Nomal People. Cameron R. Wolfe (2025). PPO for LL Ms: A Guide for Nommal People
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Policy Ratio (Important Ratio)

Clipped Surrogate Objective

Let r,(6) denote the probability ratio r(f) = %, so 7(fpq) = 1. TRPO maximizes a .L_I_BE
“surrogate” objective W
LCPIBZE[WA]:E[T-Q/]]_ 6
O =T | gl [ o) ] = Felre@)e ©
PG
VL = ]Eﬂ,hs:N‘ﬂ'g [V lﬂg ?Tﬂ(at | 8 )At]
— f m;(a|s)V log ﬂ‘e(a|3)At The difference between the two is that in LP¢ states and actions are
a,s sampled using the original policy my. This means that once you perform one
f g, (a|8) Vrg(als) gradient update step you have to throw away the data and collect new.
= | — ——mlals) ———A
as T(l8) mg(als) In L°P! the states and actions are collected under m,_,,, which means that
o Vrg(as|s:) you can perform multiple updates with the same dataset. Obviously, if you
T TS Ty, [ o (@:|3t) f] perform only one update step with PPO you will get the vanilla PG. After the
v CPI o first update step the two objectives will differ.

176 — VL% — By logma(als ) A

ICPI _ / VICPI _ & mo(as|st)
Wﬂda(at|3t)

Q1,5:™~Tg 4, |: At]
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PPO - Generalized Advantage Estlmatlon (GAE)

unt Factor

Temporal Difference Value Function

Advantage function: A(s;, a;) = Q(ss, ar) — V(sg) (TD) Residual (Predicted by Critic)
estimated by GAE l —-— |

8¢ |= 1t +0V (8641) — V(st)

Observed Reward at

Temporal Difference (TD): Time Step t

one-step estimation using per-token predictions CAE Formuia \

from the critic 948 = (A 420+ 24+ )
=(1-X) (67 + XY +~,6;’+1) + X268 + 0 n +725t+2) )
(1—>\)(6V1+)\+)\2 )Y A+ A2+ )+...)

GAE: N Wy

H i 3 (’Y)\) 5t

N-step advantage estimates by a mixing m ek

parameter A A9AP _ Z(’M 5,

A = 0 single-step TD residual _5 H,JMJF e ATSY

A = 1 recovers Monte Carlo estimate

T—t

=(re+yrepr++y rr) — Vi(se)

= R(.S‘t) — V(St)

Deep (Leaming) Focus - PPO for LLMs: A Guide for Nomal People. Cameron R. Wolfe (2025). PPO for LL Ms: A Guide for Nommal People

= (re + YV (st41) — V(s¢)) +y(reqr + vV (se42) — V(ses1)) +- -

| —
ﬂi—'vih

+97 7 (rr = V(s7))
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From PPO to Group Relative Policy Optimization (GRPO)

Reference
Model

PPO

| —
ﬂi—'vih

Reward
Model

I\\;al;el Trained
0% Models
KL Frozen
Reference . 2 Models

Model ! L

7 Group A,

Computation
Og e A G

Figure 4 | Demonstration of PPO and our GRPO. GRPO foregoes the value model, instead

estimating the baseline from group scores, significantly reducing training resources. 5

DeepSeekMath: Pushing the Limits of Mathematical Reasoning in Open Language Models. Zhihong Shao, et al (2024). CoRR.



GRPOY

GRPO Objective functions and update algorithm

GRPO Objective function

G UBC
%RPO(Q) =IE [q ~ P(Q)/ {Oi}izl ~ Qg4 (Olq)] ?"i- I‘.‘."‘iu-
G |o; |
1 1 < Jrg(oi,th, Oi,<t) A . g (Oi,th/ 0i,<t) A
= ) — m ir 1—e,1+¢|Air| — BDky [mollmres]
G i1 |Oi| =1 TOo1a (Oi,th/ Oi,<t) TO,14 (Oi,tlcb Oi,(t)
Samples group of outputs {0y, 0,, ..., 05} from the old policy mg_,,
. . Algorithm 1 Iterative Group Relative Policy Optimization
PO I| Cv Ratl O: Input initial policy model xg, , ; reward models r,,; task prompts D; hyperparameters ¢, B, p
. . 1: policy model my « mg,,,
policy ratio = 1 at start, changes on next 2 foriteration =1, ..., T do
. 3 reference model mrf < 7o
gradient step for the batch (>1 for +ve & forsep=i Mdo
. : ample a batch D from
advantage or <1 if —ve). Commonly take 1 -4 ¢ Update the old policy model zy., — 7o ‘
i i 7: Sample G outputs {o;]le ~ g, (- | q) for each question q € D
g radient ste ps per batch before u pd atin g g 8 Compute rewards {r;}, for each sampled output o; by running
old 9: Compute A;; for the t-th token of o; through group relative advantage estimation.
10: for GRPO iteration =1, ..., p do
11: Update the policy model 7g by maximizing the GRPO objective (Equation 21)
12: Update r,, through continuous training using a replay mechanism.
Output 7y 19

DeepSeekMath: Pushing the Limits of Mathematical Reasoning in Open Language Models. Zhihong Shao, et al (2024). CoRR.



Reward Model

GRPOY

Specialized LLM finetuned to predict human preference score for a given prompt and

candidate completion

Preference Score

RMp(z,y) € R } é)

_______________________ [ Feed-Forward J
OutputTokenI | I || | | || | | f
Vectors
T T T [ Normalization ]
A
(+ )<7

i

[ Masked Self-Attention ]

+

[ Normalization ]
A

t t I

Position Embedding

( Decoder Block
( Decoder Block
( Decoder Block

Input Token o ST NN N

Vectors

Deep (Leaming) Focus - Group Relative Policy Optimization (GRPO). Cameron R. Wolfe (2025). Group Relative Policy Optimization (GRPO)

UBC

@-E

Loss function for RM
with parameters 0 Difference between chosen and rejected score

! 2
L(0) = —log (o (RMg(z,yc) — RMg(, yr)))

Logistic / Sigmoid function

20
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GRPOY

Rewards and Group Relative Advantages

PPO Per-token rewards. ;.. ¢ is the reference model (initial SFT model)
UBC

a, Laaz;) &
T = T'qb(q; agt) — fBlog Tef( o <t w

GRPO Removing the value network
Estimates baseline advantages by normalizing a group (batch) of rewards obtained from

sampling multiple different outputs from the reference policy:

. _ r;—mean(r)

A =T std(r)
t-th token in i-th output
Prompt (or question) Group of sampled Outcome reward
sampled from dataset outputs (from old policy) for each output
—_—— - o ~ - = N
x~D y:{ylay27 7yG} r:{r17r2) ’TG}

21

Deep (Leaming) Focus - Group Relative Policy Optimization (GRPO). Cameron R. Wolfe (2025). Group Relative Policy Optimization (GRPO)
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Outcome Supervision RL vs Process Supervision RL

Sample a group of G outputs from the old policy 7y _,,: {01,02, ..., 06}

Outcome Supervision (OS) RL: s@a

. r; —mean(r)
T sd(e)

sz-zt T’z, VtE{].,,T'g}

wherer = (r1,...,7rg)

Process Supervision (PS) RL:

For each output o; with K; steps, let index;(j) be the token index of the end token of

step j in output i R = {{r 1ndex(1)’ N ’rindex(Kl)}’” gtdex(l)l N mdex(KG)}}
index; (j)
_indexi(j) T — mean(R) -mdex (7)
T V= std(R) Zmdex(])>t

Empirical study shows that GRPO+PS generally performs better

22



KL Estimator

- Unbiased KL estimator and low variance, always positive (r > 0)

. . : . . : — B
- Adds KL divergence term directly in loss to simplifies advantage calculation A4; ; g@é
- Reduce complex computation of per-token rewards (more frequent than the objective)
_ 7Tref( Oit | q, 0i,<t) 7Tref( Ojt | q, 0i,<t)
Di[me | Tref] = —1—lo
ﬂe( Oit | q, 0i,<t) 7T6( Oit | g, 0i,<t)
Standard KL Estimator for LLMs (a.k.a. kl)
SRS Tsmbm q(x) GRPO does not always perform multiple policy updates per batch of
. KL(g, p) = log M = log q(z) — log p(z) data. If we only perform a single policy update per batch, we have:

---------------------------------------------------- min( mo(aiz|8i,t) Amchp( mo(@itlSie) 4 _6’1+6> Am)

Wold(ai,t |5i,t) Wold(ai,t|5i,t) ’

i | mo(aiz]si)
| KL(g,p) = (r — 1) —logr, where r = = | = il el PO T g

____________________________________________________

Stop Gradient 23

Deep (Leaming) Focus - Group Relative Policy Optimization (GRPO). Cameron R. Wolfe (2025). Group Relative Policy Optimization (GRPO), Approximating KL Divergence John Schulman
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Iterative Supervision RL with GRPO

« Generate new training sets for the reward model based on the sampling results from

the policy model %
« Training reward model using replay mechanism that incorporates 10% of historical data

+ Update the reference model as policy model, training new policy model with new

reward model

Iteration-2

MATH

Iteration-0 Iteration-1
GSMBK
89 521
881
511
~ 87 v =
= X 501
8™ 8
49
< g5 <
84 437
83 47

A S

RN

0 1300 2300 3300 4300 5300
Steps

0

1300 2300 3300 4300 5300
Steps

Figure 6 | Performance of iterative reinforcement learning with DeepSeekMath-Instruct 7B on

two benchmarks.

Algorithm 1 Iterative Group Relative Policy Optimization
Input initial policy model 7y, ,; reward models r,; task prompts D; hyperparameters ¢, 8, u
1: policy model gy « mg,
2: foriteration=1,...,1do
3: reference model me; « mg
4 forstep=1,..., M do
5: Sample a batch D, from D
6: Update the old policy model 7g,, « mg
7.
8

Sample G outputs {al—]f:1 ~ 1y, (- | q) for each question g € D
Compute rewards {r;}¢ for each sampled output o; by running r,,

9: Compute A, for the t-th token of o; through group relative advantage estimation.
10: for GRPO iteration =1, ..., p do
11: Update the policy model 7 by maximizing the GRPO objective (Equation 21)
12: Update r,, through continuous training using a replay mechanism.
Output mq
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Memory Efficiency

PPO memory consumption during training:
Training: Policy Model + Critic Model UBC

Inference: Reward Model + Reference Policy Model W
Assume half precision (bf16/fp16)

During Inference: ~2GB per 1B (model size) to store model parameters

During training: ~16GB per 1B (model size) to store, cache activations during forward
pass, gradients during back pass, and gradient history for Adam

. )
Reference L
Model § ®
wa
K‘ With RLVR can further replace neural reward model with heuristic verifier

l 15
peN. GRPO - Replace critic with relative group advantages
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Results and Discussion




Training and Evaluating DeepSeekMath-RL

RL based on DeepSeek-Instruct 7B.

Training Data: CoT GSM8K and MATH from SFT data, 144K questions.
Initial reward model: DeepSeekMath-Base 7B

GRPO: Sample 64 outputs, max length is set to 1024, batch size 1024
Performance surpasses all open-source models in 7B to 70B
DeepSeekMath-RL outperforms SFT model across all evaluation metrics

o English Benchmarks Chinese Benchmarks
GSM8K MATH MGSM-zh CMATH

Model Siz.

Tool-Integrated Reasoning

Chain-of-Thought Reasoning Closed-Source Model

Closed-Source Model GPT-4 Code Interpreter - 97.0% 69.7% - -
Gemini Ultra - 94.4%  53.2% - - Open-Source Model
i - 920 5a9% - 86.0% InternLM2-Math 20B 807%  54.3% - -
Open-Source Model DeepSeek-LLM-Chat ~ 67B 86.7%  51.1% 76.4%  85.4%
ChatGLM3 B e 257 ToRA 34B  80.7%  50.8% 412%  53.4%
a . (V] . 0 - - 0, 0, - -
WizardMath-v1.0 70B 816%  227%  648%  654% MAmmoTH 708 76.9%  418%
DeepSeekMath—Instruct 7B 82.9% 46.8% 73.2% 84.6% DeepSeekMath-Instruct 7B 83.7% 57.4% 72.0% 84.3%

DeepSeckMath-RL 7B 882%  517%  79.6%  88.8% DeepSeekMath-RL 7B 86.7%  58.8% 784%  87.6%




Lesson Learnt in Pre-Training

+ Code training Benefits Mathematical Reasoning — improves models' ability to do math

reasoning, w/wo tool use. Experiment with DeepSeek-LLM 1.3B. 2...__!3_:_%
* One-stage mixed training is worse due to limited model scale, lacks the capacity to fully W

assimilate both code and math data.
* ArXiv Papers seem ineffective in improving mathematical reasoning

.. . Training Tokens w /o Tool Use w/ Tool Use
Training Setting
General Code Math GSM8K MATH CMATH GSM8K+Python MATH+Python
No Continual Training - - - 29%  3.0% 123% 2.7% 2.3%
Two-Stage Training
Stage 1: General Training 400B - - 29%  32%  14.8% 3.3% 2.3%
Stage 2: Math Training - - 150B  19.1% 144% 37.2% 14.3% 6.7%
Stage 1: Code Training - 400B - 59%  3.6% 19.9% 12.4% 10.0%
Stage 2: Math Training - - 150B 21.9% 15.3% 39.7% 17.4% 9.4%
One-Stage Training
Math Training - - 150B  20.5% 13.1% 37.6% 11.4% 6.5%
Code & Math Mixed Training — 400B 150B 17.6% 12.1% 36.3% 19.7% 13.5%
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Insights of Reinforcement Learning

Unified Paradigm to analyze different training methods (SFT, RFT, DPO, PPO, GRPO)

UBC
———
==
ol D: Online sampling > Offline sampling W
VoT4(8) = El(9,0) ~ DI | = ), GCaa(q,0,t,7:/) Vo log ma(orlg, 0<) GC: Model > Rule
k_"\‘—J —
t=1
Data Source Gradient Coef ficient
—— RFT  —— Online RFT GRPO+0S ~ —— GRPO+PS
GSMBK MATH
66
Methods Data Source Reward Function Gradient Coefficient 64 4 ,‘ 30
SFT 4,0 ~ Pi(Q,0) - 1 - / -
52 624 52 291
RFET q ~ Pss:(Q), 0 ~ m5:(0lq) Rule Equation 10 brg e
DPO q ~ Pss(Q), 07,07 ~ m5:(0lq) Rule Equation 14 2 60 é 28
Online RFT q ~ Ps;t(Q), 0 ~ mp(0lq) Rule Equation 10
PPO q ~ Psfe(Q), 0 ~ o (0lq) Model Equation 18 584 27 1
GRPO q ~ Psse(Q), {0;}¢, ~ ms(0lq) Model Equation 21
56+ : ; ‘ ‘ : . . . :
Table 10 | The data source and gradient coefficient of different methods. P;s denotes the data 0 2000 4000 6000 8000 0 2000 4000 6000 8000
distribution of supervised fine-tuning datasets. mo,, and g denote the supervised fine-tuned Steps Steps

model and the real-time policy model during the online training process, respectively. Figure 5 | Performance of the DeepSeekMath-Instruct 1.3B model, which was further trained

using various methods, on two benchmarks.
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Evaluation Metrics: Maj@K and Pass@K

* RL enhances performance by rendering the output distribution more robust

: B
* Boosting the correct response from Top K, rather than the enhancement of fundamental E.—-—-—-..E_
capabilities w
—— Maj@K-Instruct Maj@K-RL Pass(@K-Instruct Pass(@K-RL
GSME8K MATH
98 1 85
96 80
94 751
g 92 g 70
© 90 O 65
Q &)
< 88 A << 60
86 1 55 -
84 1 50 Maj@K — sample Ksolutions, extract their final
82 1 45 answers, take the most frequent (majority/plurality)
1 4 8 16 32 64 1 4 8 16 32 64 answer, and check if that voted answer is correct.
K: The number of candidates K: The number of candidates

Pass@K — problem is counted as solved if at least one
Figure 7 | The Maj@K and Pass@K of SFT and RL DeepSeekMath 7B on GSM8K and MATH  Of the K sampled outputs is correct.
(temperature 0.7). It was noted that RL enhances Maj@K but not Pass@K.
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GRPO Done Right — Tricks and Improvements
Dr. GRPO, Routing Replay, GSPO

UBC




Limitations and Problems

Limitations of vanilla GRPO
* Noise and instability during training process

* Excessive response lengths, especially in incorrect answers

* Collapse of LLM’s entropy (reduced exploration)
* Poor sample efficiency and slow learning

Average length per response

DeepSeek-R1-Zero average length per response during training

12000

10000 4

8000

6000 4

4000

2000 4

0 2000 4000 6000 8000
Steps

Figure 3 | The average response length of DeepSeek-R1-Zero on the training set during the RL
process. DeepSeek-R1-Zero naturally learns to solve reasoning tasks with more thinking time.

Deep (Leaming) Focus - GRPO++: Tricks for Making RL Actually Work. Cameron R. Wolfe (2025). https://cameronrwolfe substack.com/p/grpo-tricks
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Modification from the GRPO objectives

Response-level length bias: GRPO objective prefer shorter but better output; also penalize more on shorter but

worse output.

Question-level difficulty bias: Questions with lower SD are given higher weights during policy update. Question-

level normalization results in varying weights in easy and hard questions.

Ve

-

GRPO

TGy (ﬂi,t lq, 0i,<t) T (Oi,t lq, 0 <t

R(q,0;) — mean({R(q,01), ., R(q,00)})
Std({R(q! 01)! s ,R(q, OG)})

where /-i,-’t =

~N

G |oi] . i . .
é 3 ﬁ 3" {m].n [ 79 (0i4]q. 0;,<1) Ay clip ( (04|, 01,<t))11 e+ e) Ai,f] } ) 0.6
=19l 13

0.5

0.4

~

Dr. GRPO
GRPO Done Right (without bias)

1 G loil a0 R - lq,0; R 0.1
= Z 2 {min { ﬂﬂ(oz,th Oz,<t) Ai,bdip ( 71'9(01,1“] oz,<t))’1 el +€) Ai,t]};
i=1i=1

79,1, (01,6 |9, 04,<1) 70,14 (01,¢|9, O <t

where A;; = R(q,0;) — mean({R(q,01),...,R(q,05)}).

0.3

A\
Reward

0.2

0.0

Understanding R1-Zero-Like Training: A Critical Perspective. Zichen Liu, et al (2025). COLM 2025.

Short output

Long output

Token Efficiency

RL training progress

+ Dr. GRPO
o GRPO

400

600 800 1000
Output length

A<0

L

¥

Bad
incentive!

UBC
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Routing Replay and Group Sequence Policy Optimization

Routing Replay training strategy: cache activated experts in old policy and replay these
routing modes (MoE model) so they policy ratio compute with same activated network -_;.-WE

Based on this straightforward observation, we propose the Group Sequence Policy Optimization (GSPO)
algorithm. GSPO employs the following sequence-level optimization objective:

18 . ~ -
Ta5p0(®) = By, (316 mme (0) | & Emm (s:(0) A, clip (si(0),1—,1+2) &) |, 5)
where we adopt the group-based advantage estimation:
G
4 _ rxy) —mean ({r(x,y)}¢ ) o

I std ({r(x,y:)}741)
and define the importance ratio s;(0) based on sequence likelihood (Zheng et al., 2023):

1 .
5; (9) = (M) il = exp L %l()g 7o (yz',lle yi,{f) . ! —e— GSPO *
g 14 (yz |X) |yz| =i TTg,4 (yz-![ le yz',qf) 0,704 —=— GRPO (w/ Routing Replay)

Training Reward
o o
o o
o wul
s L

o

n

ul
L

o

w

S
!

Group Sequence Policy Optimization. Chujie Zheng, et al (2025). Training Compute



More Effective RL

Data Source:

- RL pipeline on out-of-distribution question prompts, in conjunction with advanced sampling E—:F.,.%
(decoding strategies) W

- Efficient inference techniques that determine the exploration efficiency of policy models

Algorithm:

- All methods fully trust the signal of the reward function, regardless of signal reliability

- Annotated datasets like PRM800K contain approx. 20% of incorrectly annotations

- RL algorithm robust against noisy reward signals, e.g., weak-to-strong alignment

Reward Function:

- Enhance the generalization ability of the reward model to handle out-of-distribution questions and
advanced decoding outputs

- Reflect the uncertainty of the reward model

- Efficiently build high-quality process reward models that provide fine-grained training signals for
the reasoning process
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Conclusion

» DeepSeekMath achieved strong performance on the benchmarks and outperformed all

existing open-source models UBC
» Group Relative Policy Optimization (GRPO) improves reasoning performance with W

lower memory cost

Questions

» Does the dataset contain bias toward certain math topics?
*  How well the performance might be with different math domains beyond the
benchmarks from the paper?

Possible Future Work

« Can scaling the model to larger sizes
« Can expand the dataset to cover more mathematical domains 36
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Appendix: From PPO to GRPO

Update Actor using the gradient of J
w.r.t parameters 8: VgJ

- J:LLU_E i SH (E";?)r_e_'{',cfjﬁ?hw Update Critie using the gradient of MSE loss
Gold ; w.r.t parameters &: Vgl
| ) Al Jepo(@)= E[s~P(S), a~mg (A ls)]
e Dl oy — S

) olic i .| mglals mglals .

N Policy 7119 @l9 A(s, a), clip (“795.4‘1(“ Bk 1-g, 1+¢ .{(s, a)
PPO Obss I i
\ | Crgic s Vg(s) oo > A(s)
Value
Only Update Actor using the gradient of T
n \'1 w.r.t parameters €: VgJ
( Actor ‘ — ] o Tre(als) 7
Policy L Joreo(8) = E[s ~P(S), a~mg (A s)
S 5
—— 1 [ mela; 15) i Tig(q; | 5)
GRPO 9°°* m ~airy ) (il m? ¥ Gy e 1) A -p ol |
[ -dLn
/ I L = gqo—>
e a—*rz A =F = rj - mean(r) l -
iJI_J_LL —+ 3=+ I3 ! ! s’rd(r‘)

R '”rl 10— ag— rg No need for a Critic Network!
0old (reference)
Paolicy, Repeated
Taeig(als)

Group of outputs
(actions)

@-E
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Data Source: question in SFT dataset with outputs sampled from SFT model. Reward Function:
Rule (whether the answer is correct or not). Gradient Coefficient:

1 the answer of o is correct

GC ,o,t) =1(o0) = 10
rer(q,0,1) (0) {0 the answer of o is incorrect (10)

Data Source: question in SFT dataset with outputs sampled from policy model. Reward Function:
reward model. Gradient Coefficient:

GCPPO(qr o,t,mg ) = Att (18)

rm

where A; is the advantage, which is computed by applying Generalized Advantage Estimation
(GAE) (Schulman et al., 2015), based on the rewards {r-;} and a learned value function Vy.

Data Source: question in SFT dataset with outputs sampled from policy model. Reward Function:
reward model. Gradient Coefficient:

Tref (Oi,t |Oi,<t)

7f9(0i,t|0i,<t)

GCgrpo(q,0,t,mg. ) = Air + P i (21)

where A; is computed based on the group reward scores.
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